Structural Analysis of a Joint for Deployable Space Systems. by York, Darren M.
Structural Analyses of a Joint for 
Deployable Space Systems
By
Darren M. York B.Sc.
PX
Department of Civil Engineering 
University of Surrey
A Thesis Submitted for the Degree of 
Doctor of Philosophy
October 1992
ProQuest Number: 11009888
All rights reserved
INFORMATION TO ALL USERS 
The quality of this reproduction is dependent upon the quality of the copy submitted.
In the unlikely event that the author did not send a com p le te  manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.
uest
ProQuest 11009888
Published by ProQuest LLC(2018). Copyright of the Dissertation is held by the Author.
All rights reserved.
This work is protected against unauthorized copying under Title 17, United States C ode
Microform Edition © ProQuest LLC.
ProQuest LLC.
789 East Eisenhower Parkway 
P.O. Box 1346 
Ann Arbor, Ml 48106- 1346
Abstract
The establishment of large space systems in the Earth’s orbit requires the development 
of new construction techniques. As large structures are being proposed for future projects, 
several orbit construction processes have evolved. Of these, the concept of deployable truss 
structures is one which is appraised during this research. An energy loaded joint is presented 
which realises the potential of this technique. Incorporated into a skeletal truss framework, 
however, the structural characteristics of the joint will influence the overall performance of the 
structure. In order to assess the significance of this, an investigation is conducted into the 
structural behaviour of the joint.
Although the deployable concept has been primarily developed for realising large 
structures in the Earth’s orbit, the technique can also be used in terrestrial applications. 
Accordingly, a numerical study evaluates the static stress distribution generated through the 
joint; the structure is considered to be in a fully deployed state. The investigation appraises the 
effects of manufacturing tolerances and indicates their significance on design.
Dynamic loading induced in the space environment highlights the joint to possess a 
strong geometrical nonlinearity. The joint describes a bilinear flexural stiffness property that is 
associated with the design. As a consequence, resonant frequencies exhibited by small truss 
structures are found to be dependent on a variety of geometric and loading parameters. Large 
trusses are also found to be affected although their behaviour is seen to be less dependent on 
the characteristics of individual joints.
An experimental investigation confirms the presence of nonlinearity within the energy 
loaded joint. The characteristic response during vibration highlighted the difficult task of 
predicting structural behaviour. This instigated a redevelopment of the joint design 
incorporating measures which eradicate the cause of the geometrical nonlinearity. Tests reveal 
this design to be a significant improvement and an important contribution to the development of 
deployable structures.
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Chapter 1
Introduction
The growing demand for improved communication systems and man’s quest for space 
exploration has prompted a number of feasibility studies outlining possible ventures with large 
space structures. Communication satellites are envisaged to employ reflective antennas that are 
far larger than those in use today. In addition, large structures have been proposed which 
accommodate a number of reflective antennas on a common platform, sharing resources such as 
power supply, pointing and control systems. Large structures are also intended for use in the
construction of orbiting space stations and ventures such as solar power stations. With all these
projects, however, their size far exceeds the available capacity within current launch vehicles. 
Establishing such large space systems in the Earth’s orbit therefore depends on the development 
of new construction methods that can overcome the difficulty of transportation.
The methods suggested to date encompass a variety of principles. Each method 
optimises the payload capacity of the launch vehicle and performs the construction in orbit. 
Considerations of weight, packaging volume, part count and assembly time all contribute to the 
development of the various methods in addition to the appraisal of structural considerations.
The structural behaviour is assessed to ensure the structure is capable of withstanding all 
possible load conditions and that it achieves an adequate in service performance. The 
performance of the structure is evaluated during ground assembly, launch and subsequent 
deployment in the Earth’s orbit.
The methods developed to date for the construction of large structures in space can be 
classified into three categories;
■ E.V.A. (Extra Vehicular Activity)
■ Inflatable structures
■ Deployable structures
The E.V.A. approach involves the transportation of individual struts and nodes, 
employing astronauts to fabricate the structure in the Earth’s orbit. The concept of inflatable
structures involves the use of highly flexible membranes, pressurised using an internal source 
of gas and subsequently cured with chemicals coated to the membrane surface. The largest 
class of technique, that of deployable structures, encompasses a range of structures that are 
skeletal in form. They utilise mechanisms to achieve deployment from a folded, compact 
arrangement.
The technique of deployable structures is receiving a lot of interest. The foldable nature 
of the skeletal framework is derived from the use of flexible joints, strategically located 
throughout the structure. Once folded on the ground and transported to the appropriate orbit, 
the joints then facilitate deployment as the structure realises its intended shape and size.
A form of flexible joint that enables a skeletal truss to fold and deploy in this manner is 
presented and investigated during this research. The joint which is called an ’energy loaded 
joint’ is illustrated in the figures l.l(a),(b) and (c), and may be incorporated into most skeletal 
truss forms. The deployable concept is described in figure 1.2, where a small double layer 
tetrahedral truss system is seen to be deployed to full size from its stowed or folded 
configuration. With the energy loaded joint incorporated at the mid length of the top and 
bottom members, the structural members become orientated in a parallel alignment when the 
structure is folded. This configuration occupies a minimal volume of space thus increasing the 
size of structure that may be transported to the Earth’s orbit. Despite this compact formation, 
however, the ultimate size of deployable structure that may be transported to space will be 
limited by the payload capacity of the launch vehicle. To overcome this, the modular nature 
exhibited by the tetrahedral truss system offers the scope for substantial enlargement, enabling 
suitable attachment of a number of separate trusses. An important feature of the energy loaded 
joint is the ability to offer sufficient energy to deploy the structure once it has been placed in 
the appropriate orbit. The structures do not therefore need the requirement of external or 
additional power sources which will add to the overall weight and increase the complexity of 
the system. In the deployed configuration the flexible nature of the joints is restrained and the 
overall structure attains a suitable rigidity and stiffness for use in a variety of applications.
The energy loaded joint concept is simple in design and a detailed description is 
presented in Appendix I. As mentioned, one of the main features of the joint is the capability of 
generating potential energy, achieved during the folding process. Springs within the joints are 
compressed by a sliding collar which is retracted in order to enable the joint to pivot. With all
2
the joints capable of pivoting, the structure is folded into its stowed configuration. The 
structure is physically restrained during launch and the stored energy is only exploited once the 
appropriate orbit has been attained. By removing the restraints, the energy contained within 
each joint combines to deploy the structure in a synchronous manner. Besides the advantage 
that no external power source is required for the deployment process this structural mechanism 
offers substantial savings in construction time.
By incorporating the joint at the mid length of a structural member, a discontinuous 
load transmission path is created. The mechanical connection, necessary for the rotation of the 
joint, provides a source of stress concentration which will undoubtedly result in the joint 
constituting the weakest component of the truss structure. Although static forces are known to 
be negligible in the space environment, their effect will be of significance should the deployable 
concept be considered for ground based applications. A preliminary investigation is therefore 
conducted assessing the performance of the joint under static loading conditions. The numerical 
study, presented in Chapter 3, evaluates the stress distribution through the joint and indicates 
potential areas of concern.
Within the space environment, structural stability is a key issue for attaining the 
required service conditions. In particular the performance of large structures with respect to 
vibrations forms a primary design consideration. Vibrations are instigated from a number of 
sources and may include the effects of solar heating and cooling, impact from space debris or 
docking procedures, manoeuvring procedures, or from the initial deployment process. The 
inherent flexibility of large truss structures coupled with the vacuum of space enables low 
frequency resonant conditions to be generated. Efforts are made to minimise the occurrence of 
these resonant conditions since they are lightly damped and create large deformations leading to 
excessive structural stress and poor electrical performance in the case of reflective antennas. By 
incorporating a large number of flexible joints within the truss composition, the dynamic 
performance of the overall structure may be adversely affected. Chapter 4 investigates 
numerically the dynamic characteristics of the energy loaded joint, assessing its performance 
within a single structural member and evaluating the effects of a large number of these joints 
on a large skeletal truss. While the properties of the joint strongly influenced the dynamic 
behaviour of the single structural member and small trusses, the properties are found to be not 
so significant in large trusses which incorporate a large number of joints.
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The nonlinear geometrical properties of the joint, arise from the nature of the design. 
The bilinear stiffness renders the prediction of resonant conditions associated with smaller 
trusses dependent on many conditions. An experimental study, discussed in Chapter 5, verifies 
that there is structural nonlinearity within a jointed structural member. A method is suggested 
which eliminates this undesirable property such that the joint exhibits linear structural 
behaviour once deployment has been reached. This provides the ability to accurately predict the 
dynamic performance of deployable truss structures using efficient and well established 
numerical techniques. The new design retains all the original deployable principles offering 
significant advantages over the original design.The importance placed on the accuracy of 
numerically predicting the performance of large truss structures is underlined by the difficult 
task of ground testing such large systems. The differences between ground and orbital 
environments in conjunction with their size and flexible nature, renders their experimental 
qualification impractical. Accordingly, greater confidence must be placed on the mathematical 
models in order that these structures may become an established means of construction in 
space.
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Figure 1.1 (a) The Energy Loaded Joint, manufactured from a high 
technology carbon fibre reinforced thermoplastic, 
is shown in its stowed position.
Figure 1.1 (b) The Energy Loaded Joint, manufactured from a high 
technology carbon fibre reinforced thermoplastic, 
is shown in its deployed position.
Figure 1.1 (c) The deployment mechanism is shown in close detail.
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Figure 1.2 Deployment sequence for a double layer 
tetrahedral truss.
Chapter 2
Review
2.1 Background
Over the past decade consideration has been given to the feasibility of placing large 
structures in space. The impetus for this primarily emanates from the continual demand for 
improving satellite communication systems, a commercial market which has seen uninterrupted 
growth since the service was introduced in 1962 (Renner and Nauck, 1984). Such are the 
forceable demands that large multibeam antennas are proposed (Foldes and Dienemann, 1980) 
along with communication platforms that accommodate a cluster of antennae (Ramler et al., 
1984). In addition to this, the development of land mobile communication systems is also 
expected to require substantial increases in reflector size, beyond those currently employed 
(Horstein, 1981). Besides the commercial interest in developing techniques for placing large 
structures in space, feasibility studies have also focused on long range studies which encompass 
possible ventures such as space colonisation and satellite power stations (Card and Boyer,
1980). In order to realise such projects, the physical restrictions placed on satellite size for 
transportation must be overcome and new reliable methods of fabrication technology for 
construction in the Earths orbit need to be developed.
2.2 Structural Requirements
The design and development of large space structures encompasses a number of 
considerations associated with the environment of space. In particular the near zero g nature of 
the space environment coupled with the consequent free support condition renders the design 
the be orientated toward dynamic rather than static loading (Bush et al., 1977). Sources of such 
loading may include vibrations arising from initial deployment, manouvering thrusters, thermal 
distortions (Yu, 1969) or impact from debris (Uesugi, 1990). Ideally the resulting performance 
of the structure under these loading conditions should not adversely affect the service 
requirements, which for spacecraft antennas, is normally stated in terms of RF performance 
(Lee and Rahmat-Sami, 1981). The electrical performance is thus dependent on the structural
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stability (Archer, 1980; Hollaway et al., 1991) which includes the characteristics of stiffness 
with respect to the natural frequencies, strength, thermoelastic distortions, and manufactured 
contour accuracy.
In a paper by Mikulas et al., 1991, design considerations were discussed for a class of 
10-40m diameter truss reflectors. Considerations of weight, natural frequency, packaging 
volume, part count and assembly time were assessed according to various truss geometric 
parameters. The particular concept presented involved the application of reflecting panels to a 
supportive skeletal truss framework.
Among the various geometric forms of skeletal frameworks currently being proposed 
for supporting reflective surfaces, the use of skeletal trusses is one which is receiving some 
interest (Bush, 1977; Greene, 1985; Bush et al., 1990; Mikulas, 1990; Hollaway et al., 1991). 
The truss systems, which include box and tetrahedral based trusses, offer a number of 
advantages, including;
■ high structural strength and stiffness
■ large number of nodal joints which provide ideal 
locations for mounting substructures
■ high degree of redundancy
In addition to these, the periodicity expressed by the geometric form enables easy 
subdivision, a trait which was recognised by Hedgepath et al., 1978, to result in a low, cost 
effective form of construction.
2.3 Construction Proposals
As previously mentioned, current satellite size is restricted according to the available 
capacity of transportation vehicles. Recent attempts to overcome this have resulted in a number 
of satellite antennas incorporating sophisticated and complex mechanisms which allow a rigid 
reflector to fold (Navarro and Ferndndez, 1989; Bruno et al., 1989; Takano et al., 1989). 
These concepts, however, only achieve a small increase in size and in order to place much
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larger structures in orbit, new construction techniques are required. To date, several methods 
have been proposed which can be classified into three differing fields;
■ E.V.A. - Extra Vehicular Activity
■ Inflatable structures
■ Deployable structures
More recently, ideas have been proposed which involve the use of intelligent, or 
adaptable, structures (Matunaga et al., 1990). A modular assembly approach has also been 
proposed (Thangavelu and Shierle, 1991). While some methods have suggested a combination 
of the above techniques (Natori and Sato, 1990), the primary objectives have focused on 
methods which optimise the payload capacity of the launch vehicle.
At present it appears that the E.V.A. approach has become favoured over other 
construction techniques. Current projects being undertaken by NASA express the use of this 
construction technique. Both the space station Freedom (Mikulas and Bush, 1986) and the 
Pathfinder program (Fickenor and Thomas, 1990) intend to erect large structures from 
individual struts and nodes. The construction of segmented antenna systems by this method is 
also proposed (Bush et al., 1991). The E.V.A. technique requires a considerable amount of 
astronaut activity and although this would appear to be a time consuming approach, Mikulas 
and Bush, 1986, have stated that the structures can be erected by astronauts with surprising 
speed. The E.V.A. technique, however, may not be restricted to astronaut activity alone. 
Current concepts include the fully automated in-space construction facility (Stutter et al., 1990) 
and transporters to assist astronauts (Watson et al., 1990). Mikulas, 1990, found that this 
hybrid approach of assisted astronaut activity resulted in an efficient approach to the erection of 
structures in orbit.
Where the E.V.A. technique is being considered for a variety of applications, the 
activity associated with inflatable structures has focused on providing large satellite antennas for 
communication networks. Although the concept has recently been discussed for a wider range 
of applications (Bernasconi and Reibaldi 1986; Bernasconi et al., 1990) the technique originally 
developed with a view to fabricating large reflecting surfaces (Bernasconi et al., 1987).
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Inflatable structures were conceived as a possible construction technique during the 
1960’s (Schuerch and Schindler, 1963). Practical problems at that time halted their progress 
although with recent advances in the technology of materials, the interest has since been 
revived. Suitable flexible materials have been developed which allow the required folding into a 
compact form to be made and the subsequent inflation, under pressurisation, to be achieved. 
Once inflated, chemicals within the material cure the structure into a rigid form by the action 
of solar heating. Concern, however, has been expressed that these materials may be susceptible 
to distortions from their intended shape. Arduini and Porizi, 1988, discussed the problem with 
respect to structural design since the characteristics of inflated members are dependent on the 
pressurisation process.
Although inflatable structures may be considered to be a form of deployable structure, 
the general field of deployable systems is associated with skeletal frameworks which rely on 
hinged beams for deployment. The techniques essentially utilise a number of mechanisms which 
facilitate the structure to fold into a compact configuration for transportation. Once placed in 
orbit the mechanisms then allow the structure to unfold and realise its intended shape. Bush and 
Heard, 1980, along with studies by Freeland, 1983, and Hedgepath, 1984, 1989, present 
detailed summaries of the various concepts under considerations. The various methodologies of 
deployable procedure can be classified as those which are;
■ Erectable
■ Deployable with part assembly
■ Sequentially deployable
■ Synchronously deployable
■ Unfurlable
■ Spin stiffened
Deployment techniques, however, are not new. Skylab used deployable solar arrays 
while the Explorer 49 (the Radio Astronomy Explorer) deployed long boom antennas. More 
recently NASA has undertaken in orbit tests on erectable beams for solar arrays (Weeks,
1986). Kitamura and Natori, 1990, have developed similar techniques for their extendable and 
retractable masts. A new deployable concept is proposed by Takamatsu and Onada, 1991, 
utilising a refined geometrical method for minimising the number of mechanisms required in 
the deployment process.
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Research at the University of Surrey has focused on the synchronously deployable 
concept for the deployment of large space structures (Hollaway et al., 1991). In particular the 
tetrahedral skeletal truss system has been adopted with the development of energy loaded joints 
to achieve self deployment. It is envisaged that with development of the technique, structures of 
approximately 300m may be constructed for systems such as multibay satellites (O’Neill and 
Hollaway, 1991) or large diameter parabolic reflectors (Hollaway and Sparry, 1991).
The flexible connections associated with any form of deployable structure, play a vital 
role in the construction procedure. While they must possess the necessary flexibility to 
accomplish deployment, they must also attain sufficient rigidity to avoid structural failure and 
retain the intended shape. Croop and Robertson, 1986, discuss the role of joints in deployable 
structures and investigate solutions to obtain the required precision. A joint is discussed by 
Bush et al., 1984, for the synchronous deployment of a tetrahedral truss reflector. Featuring a 
passive sprung loaded mechanism and located at each node of the truss, the mechanism deploys 
all the members common to that node in a synchronised manner. The rate of deployment is 
notably controlled by the incorporation of local passive dampers or a globally restraining tether 
system. A technique is also presented which determines the location of nodal points in a curved 
truss such that the similarity of node and deployment mechanisms are optimised for ease of 
fabrication.
A patent by Craighead II et al., 1985, describes in detail a flexible joint intended for 
deployable truss structures. The joint incorporates a pair of fittings that are attached to the ends 
of the structural members and coupled via a series of linkages. A torsion spring inserted into 
the joint ensures that deployment is achieved without the aid of external forces. Once 
deployment is achieved a toggle assembly ensures the joint remains deployed.
British aerospace in conjunction with ESA (private communication) discuss a 
deployable box truss concept. A sequential procedure is adopted whereby one bay of the truss 
is deployed at a time, a procedure that is considered to enable greater control. The deployment 
mechanism utilises large torsional springs in the flexible joints with cables intended to provide 
some control over the deployment process.
A mechanism of articulated levers is discussed by Schafer et al., 1982, for the 
deployment of unfurlable antennas. The joint, in conjunction with a motor, enables the cables
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to become tensioned and subsequently deploy the radial ribs of the reflector in a fan like 
manner. Further unfurlable methods are presented by Schafer et al., 1984, and among the 
approaches considered a motor driven spring system was chosen.
Aerospatiale have developed an unfurlable antenna design based on a prismatic truss 
(private communication). Deployment is achieved through the use of self locking spring 
actuated hinges which provide a torque to the middle hinge points along the structural 
members. The structural members will also be hinged at their extremities although without the 
addition of sprung loaded joints.
Domier (Deutsche Aerospace) have developed a simple foldable bar which also 
achieves the same desired objective (private communication). The simple mechanism involves 
the structural deformation of two leaf springs, eliminating the need for complex linkages. 
Although it has been used on the ERS-1 SAR antenna, it is not sure for what applications the 
bar is intended, although it appears unsuitable for large truss frameworks.
McCarty reports in an edition of Des News (Boston), 1989, that AEC have developed a 
joint which overcomes the major problem of residual flexibility in deployable joints. Using 
roller bearings operating on a triangular cross section race, the rotary joint is intended for 
space station use although specific details are not available.
A complicated antenna deployment mechanism has been developed by Misawa et al., 
1989, with emphasis placed on reliability. Indeed their accompanying study investigates the 
probability of component failure during deployment. The conclusion drawn indicates that a high 
degree of reliability can be achieved with the joint.
The successful deployment of large space structures is a key issue and ultimately 
depends on the reliability of the mechanisms used. It is an aspect of the construction process 
that influenced NASA’s choice for the use of E.V.A. techniques in forthcoming projects.
Recent events, however, appear to justify this. Canada experienced deployment problems on its 
Anik-E2 satellite (Space News, No.24, 1991) and Nasa’s Galileo Jupiter probe continues to 
have only a partially unfurled main antenna (Space News, No.25, 1991). More recently Japan 
has experienced similar problems with its JERS-1 earth observing satellite ( Physics World, 
1992) in which a 12m radar has not deployed, significantly reducing the capabilities of the
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satellite. Although several problems have been experienced, many missions have successfully 
used deployable techniques in some form. A considerable amount of work, however, needs to 
be done before confidence can be placed in deployable structures for the in orbit construction 
of large space structures.
2.4 Material Selection
The future of developing large space structures depends heavily on the technology of 
advanced materials. Early space missions only required the use of lightweight materials in 
order to achieve considerable reductions in transportation costs. With a growing interest in 
large precision satellites and structures, there is now an impetus for not only saving weight but 
also to enhance system performance (Garibotti et al., 1984; Tenney et al., 1985). Attention is 
therefore being focused on the development of advanced high technology polymer composites 
whose properties of high strength and stiffness coupled with low coefficients of thermal 
expansion make them particularly attractive.
Polymer composites are classified generally into thermosets and thermoplastics. The 
fundamental difference between the two lies in their chemical nature. The thermosets are 
complex chemical materials whose properties are found to change according to the process of 
manufacture, making them difficult to reproduce exactly. The thermoplastics, however, which 
include polyethersulphone (PES) and polyetheretherketone (PEEK), possess a chemical 
structure that ensures their properties to remain independent of the fabrication process. In 
addition, they can be reheated, softened and formed into any shape (Brown, 1990), an attribute 
not exhibited by the thermoset materials.
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Barnes and Cogswell, 1989, recognised the advantages of thermoplastics over 
thermosets and discussed their viability for space applications. They state that the basic criteria 
for a space resistant composite material must involve considerations of;
■ High specific strength and stiffness
■ Thermal stability and fatigue resistance
■ Atomic oxygen resistance
■ Radiation resistance
■ Vacuum stability
Thompson and Babel, 1989, however, highlighted a further consideration to be that of 
space debris. Uesugi, 1990, indicated this to be a growing concern and predicted future trends 
based on a series of past studies.
The environment of space has been found to produce a detrimental effect on the 
properties of polymer composites. In particular the mechanical performance of the materials has 
been found to be significantly affected by atomic oxygen and electron irradiation. Simulation 
studies of electron irradiation and thermal cycling induces micro cracking in most of the 
polymer composites considered for space (Sykes et al., 1985; Sykes et al., 1986). Apart from 
temperature, the effect of degradation by electron irradiation is also dependent on the matrix- 
fibre ratio in the composite (Milkovich et al., 1986). The analysis of atomic oxygen was 
discussed by Stevens, 1990, who proposed an analytical method of calculating the effects on 
polymer composites. The model relates ground test data to that observed from experiments on 
board the space shuttle.
The assessment of candidate materials for space applications is now being rigorously 
pursued. Maiden et al., 1985, discussed the experimental details for investigating most of the 
factors associated with the space environment. Some recent investigations include those of 
Zimcik and Koike, 1989, who assessed two forms of graphite reinforced composite materials. 
Rubin et al., 1989, compared the merits of several materials with respect to their thermal 
stability and vibrations. Blair and Zakrzewski, 1990, addressed the merits of aluminium clad 
graphite epoxy tubes, while, Haskins, 1980 and Garvey, 1990, both analysed differing forms of 
graphite reinforced polymers, including that of PEEK.
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The impetus for such a rigorous assessment concerning the suitability of materials for 
space has evolved from the increase in expected lifetime of space missions. Whereas previously 
periods of 5-7 years were accepted, periods of up to 30 years are now anticipated, resulting in 
substantial interest in the durability of materials in the space environment. While this may not 
require the invention of new materials, considerable verification is still required for the 
suitability of existing materials. Polymer composite tubes are currently being assessed as prime 
candidates for the space station Freedom (Bowles and Tenney, 1986; Thompson and Babel, 
1989), whereas their relevance to skeletal truss structures has been assessed by O’Neill and 
Hollaway, 1990.
2.5 General Dynamics of Large Space Structures
Owing to the nature of the space environment the primary loading conditions to be 
considered are those generated from vibrations. The evaluation of the dynamic behaviour, 
involves the three differing stages of construction, covering the transportation, deployment and 
in-service performance.
The dynamic event of deployment is discussed generally by Housner and Anderson, 
1984. The analysis, based on kinematic formulations, primarily determines member loads and 
consequently establishes the necessary deployment rates and control requirements for a given 
concept. Member flexibility, joint free play, manufacturing tolerances and imperfections, which 
can all affect the reliability of deployment, are also considered. The dynamics of a deploying 
beam type appendage was assessed by Lips and Modi, 1983, and although applicable to a class 
of spin stabilised satellites, the vibration characteristics were assessed using a numerical 
approach.
Having accomplished the deployment process, the ensuing dynamic performance of the 
full spatial truss is an important issue with respect to service conditions of the structural 
system. Anderson and Williams, 1984, evaluated the dynamics of large skeletal frameworks 
using a numerical approach to determine the natural vibration frequencies. Utilising the 
repetitive nature of the truss, a method based on exact member theory was produced.
Advantage of the period characteristics was also taken by Leung et al., 1991, who propose a 
fast computational algorithm to evaluate the vibration modes according to arbitrary boundary
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conditions. Saw and Tamma, 1986, along with Haug, 1985, proposed a discrete continuum 
approach which reduced the discrete model using constitutive relations based on an equivalent 
continuum. The finite element technique was employed for the method, which took advantage 
of the geometric periodicity. The finite element technique may be used without any reduction 
procedures, although this often results in large numerical models requiring an excessive amount 
of computational time.
The periodic nature of large space structures may lend themselves to a dynamic 
phenomenon known as mode localisation (Bendiksen, 1987; Pierre and Dowell, 1987). Large 
periodic structures may include periodic breaking imperfections or consist of a large number of 
weakly coupled substructures. These features have been shown to confine vibrations to within 
specific geometric areas of the structure. Certain large space structures which exhibit high 
modal densities are also found to be susceptible to this phenomenon. Wei and Pierre, 1989, 
investigated the effects of friction on this event occurring in structures exhibiting a cyclic 
periodicity. They noted that the degree of localisation decreased as the friction was accordingly 
increased.
Despite the above mentioned analysis of fully deployed large space structures, some 
work has been accomplished with respect to the implementation of practical loading situations. 
In particular, Malla et al., 1989, considered the equations of motion of a large truss orbiting 
the Earth and the effect of various disturbances placed on it, which included the influence of 
gravitational forces. Meirovitch and Quinn, 1987, investigated the equations of motion 
associated with large rigid body motions, caused by manouvering operations. The manouvering 
of a box truss antenna was investigated by Batchell et al., 1985, who considered various slew 
rates using a finite element approach. The study was subsequently extended to incorporate the 
influence of reflective mesh surfaces attached to the truss (Batchell et al., 1986).
The dynamic properties exhibited by various forms of skeletal framework was 
investigated by Anderson et al., 1985. While each of the geometric forms have their own 
advantages and disadvantages, they highlighted the radial rib concept to exhibit an inadequate 
performance under dynamic excitation. Though the hoop column configuration was highly 
regarded, they suggested that use of the tetrahedral truss should be discouraged in favour of the 
box truss, owing to the advantages gained in terms of vibration suppression, control and load 
carrying capability.
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The vibration control of large space structures is currently an area of interest which is 
gathering momentum. The need for structural control is required to ensure adequate 
performance of the structural system while subject to a variety of disturbances. The concepts 
proposed are categorised into those which exhibit a passive form of control and those which 
express an active form. An active control system, demonstrated experimentally by Schaechter 
and Eldred, 1984, responds to the current mechanical state of the system. Using combined 
sensors and actuators, the method provides effective suppression of energised vibration modes. 
More recently, Hagwood and Flotow, 1991, have demonstrated the potential of piezoelectric 
elements as suitable sensor/actuator mechanisms for use in active control systems. The less 
sophisticated, passive form of vibration control employs materials which exhibit a high rate of 
energy dissipation, such as those viscoelastic in nature. Their use was studied by Prucz et al., 
1986, who proposed the materials to be incorporated into a simple form of joint for space 
structures. A number of authors, however, address the problem using a combined active and 
passive hybrid approach. Venkayya, 1990, discussed the application of such a hybrid method, 
whereas, Hallauer and Lamberson, 1989, investigated the approach experimentally. Wynn and 
Robertshaw, 1991, however, discussed the validity of adaptive trusses. Although an active 
control approach, the method is based on the idea that the truss may change its geometric 
properties by extending selected members within the truss. This consequently suppresses the 
excited vibration mode as the natural frequency of the truss is correspondingly altered.
2.6 Dynamic Analysis
The dynamics of large space structures, discussed above, made the assumption that the 
truss framework exhibits a linear structural performance with respect to loading. The natural 
vibration frequencies consequently do not alter with load though this ultimately depends on the 
range of amplitudes being considered. Indeed, most engineering systems do not express a 
perfectly linear relationship between the force and amplitude of deformation. This difference, 
though, may appear minimal over a discrete range and under these circumstances the linear 
assumption will be valid.
The E.V.A. method of in orbit construction will result in a skeletal framework 
composed of rigid joints. As a result the above linear assumption applied to large trusses may 
hold true for structures fabricated in this manner. By virtue of their construction, however,
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deployable joints destroy the linearity assumption as they individually exhibit a geometric 
nonlinearity that will undoubtedly influence the performance of the truss structure.
Fabrication of the energy loaded joint results in the presence of a ’dead band’ once the 
joint has attained a state of full deployment. The dead band expresses a region of zero flexural 
stiffness and arises owing to the requirement that the collar must slide over the joint body, an 
operation which ultimately requires some clearance between the two sliding surfaces. A 
combination of zero flexural stiffness and the stiffness expressed by the structural member 
complicates the performance of truss structures as the stiffness becomes dependent on the 
amplitude of deformation. Numerous problems are therefore encountered in predicting the 
dynamic response which now becomes dependent on the mechanical state of the joint.
The analysis of linear structural systems is founded on the fundamental principle of 
linear superposition. This states that the response obtained from a system due to multiple 
excitations is the same as the combination of responses obtained from each of the individual 
excitations. The linear techniques of analysis are now well developed and understood, with 
many good texts covering the subject, Meirovitch, 1989, Thompson, 1978, Volterra and 
Zachmanoglou, 1965. For simple situations, the second order differential equations of motion 
that represent the continuous nature of the structure, may be solved analytically, Clark, 1972. 
As the structures become more complex, however, approximate techniques such as Rayleigh 
Ritz, assumed modes, or the finite element method, are often employed. The finite element 
method was employed by Berry et al., 1984, who developed a simplified model for a lattice 
beam structure with repetitive geometry. Sparry, 1991, also utilised the finite element method 
and analysed a large reflector, comparing the results with experimental work. Baruh and Boka, 
1992, however, discussed the errors associated with such discretisation of the continuous 
structure when parameter identification is performed in the frequency domain. For larger, more 
complicated structures, techniques have been developed which analyse components individually 
before combining their response to evaluate the performance of the whole structure (Nagamatsu 
and Ookuma, 1981, Craig, 1986). In the case of deployable structures, Weeks, 1985, proposed 
an algorithm to analyse the dynamic response of the solar array flight experiment proposed by 
NASA. The analysis, however, took no consideration of the flexibility undoubtedly expressed 
by deployable joints. Pellegrino and Calladine, 1991, approached this by developing an 
efficient algorithm to analyse plane frame structures composed of rigid members and
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frictionless elastic joints. The method exhibits an advantage over the finite element method as 
fewer parameters need be solved due to the inelasticity assumed within the members.
The principle of linear superposition does not hold when the structure expresses a 
nonlinear characteristic such as that expressed by the energy loaded joint. As a result, the 
implementation of linear identification techniques can not be legitimately considered and 
different theories need to be formulated. Structural nonlinearity is a complex field of study not 
nearly so well understood, and investigations into their response may consider both quantitative 
and qualitative behaviour. By definition, the quantitative analysis estimates the explicit time 
history of the response, whereas the qualitative analysis evaluates the structural stability of the 
system in the neighbourhood of a known solution.
Quantitative analyses are often performed by using approximations or assumptions since 
the equations of motion do not lend themselves to be solved exactly. Should the nonlinearity be 
small, however, the parameters of the structural system may be identified using linear 
techniques. With the presence of a more prominent nonlinearity, the solution may be obtained 
with the nonlinear system represented by a series expansion, or by implementing a form of 
averaging technique. These are noted to involve either analytical or numerical methods aimed 
at solving both the temporal and spatial parts of the problem.
Simpson, 1977, Nayfeh and Mook, 1979, and, Stry and Mook, 1991, present a detailed 
survey of the various methods proposed. They classify the techniques into categories depending 
on the manner in which assumptions are made about the performance of the nonlinear system. 
Typically, analytical solutions will be obtained should the governing differential equations of 
motion lend themselves to be solved exactly. However, this does not often occur and numerical 
techniques, such as the finite difference and finite element methods, need to be employed. The 
solution procedure corresponding to these methods undertake the numerical integration based 
on a time series approximation, such as that defined by the Runge-Kutta methods. Their 
accuracy is dependent on the number of terms used in the Taylor series expansion which relates 
to the order of the method. Although the methods provide considerable versatility, the 
algorithms tend to be computationally inefficient. As a result a number of methods have 
evolved which employ a combination of analytical and numerical techniques. Often referred to 
as averaging techniques, the methods are based on the underlying assumption that the 
nonlinearity is small. Included in this class are asymptotic techniques which are based on
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perturbations from an equivalent linear system. Their solution is covered in detail by Nayfeh, 
1973, with methods such as Linstedt-Poincare, the method of multiple scales and the harmonic 
balance method. While these will provide the time dependent solution, the corresponding spatial 
problem is usually solved numerically. Averaging techniques also include methods which 
assume the form of solution to be completely composed of the equivalent linear modes. A 
series of coupled second order differential equations are then obtained and solved using a 
perturbation technique. A further method of averaging technique involves describing functions. 
The finite element technique is used to solve the nonlinear displacement matrix based on a 
describing function and using equivalent linearisation.
Although numerical integration of the governing differential equations of motion has 
been found to be computationally inefficient, popularity in its versatility has ensured a 
continuing development. Tzou and Schiff, 1989, developed a contact element to represent a 
clearance property in elevators. Idelsohn and Cardona, 1984, discussed a reduction technique 
based on Rayleigh Ritz, with which the resulting model possessed a reduced number of degrees 
of freedom giving rise to a faster numerical integration procedure. The whole basis of 
incorporating time series functions in numerical integration was explored by Hollkamp and 
Batill, 1989. They showed that by suitably modifying linear time series models such as the 
autoreggresive model, the nonlinear models could accurately represent the response. However, 
the errors generated by the finite element method were highlighted by Dumir and Bashkar,
1988. From their results they found that due to the approximations incorporated into the 
formulations, the predicted response illustrates a reduced dependence on the nonlinear term. 
Consequently, they suggested some care should be exercised when using the method.
The finite element method forms the basis of a numerical approach devised by Avitabile 
and O’Callahan, 1991. A mode superposition method, similar to that of Chang et al., 1989, 
separates the structure into sets of linear and nonlinear elements. The response of the linear 
subsections was obtained through numerical integration of a set of equations based on their 
modal properties, whereas the nonlinear elements were treated as additional pseudo forces 
imposed onto the linear elements. Called the Modal Modification Response technique, the 
method was suggested for use in structures where linear components are interconnected with 
nonlinear elements.
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Although mode superposition methods are regarded to be more efficient than numerical 
integration methods based on time series models, they are still considered computationally 
inefficient, especially when a large number of nonlinear elements are involved. The 
disadvantages are largely overcome with the use of averaging methods. The general idea behind 
this class of solution technique is to average the detailed nonlinear motion according to the 
averaging law. A broad nonlinear characteristic is thus brought into the governing equations of 
motion resulting in considerable computational savings, although losing some degree of 
accuracy in the process.
A combined numerical perturbation technique for the determination of the forced 
response of a nonlinear system was discussed by Nayfeh et al., 1974. The technique features 
the numerical finite element method to solve the spatial problem while incorporating the 
method of multiple scales to solve the temporal problem. More recently, Eslami and Kandil, 
1989, employed the method of multiple scales to analyse the nonlinear vibrations of orthotropic 
composite plates. The use of series expansions as part of a linearisation process was presented 
by Broerson, 1974. The harmonic balance method was used by Pierre and Dowell, 1985, 
implementing a revised version proposed by Lau, 1982, in their investigation of the vibrational 
stability of plates. Wong et al., 1991, highlighted this incremental harmonic balance method to 
be appropriate for the study of systems expressing a bilinear nonlinearity as the formulations 
account for changing harmonic components during incrementation. An alternative approach 
based on the harmonic balance method was proposed by Saito, 1985, specifically aimed at the 
analysis of structural systems involving piecewise, or a bilinear nonlinearity. Although used by 
Choi and Noah, 1987, the method was further enhanced by Kim and Noah, 1991, to increase 
the reliability of the method.
An averaging technique was developed by Beecham and Titchener, 1971, based on the 
Krylov-Bogoliubov asymptotic method. The method was extended by Simpson, 1977, and while 
not a widely used method, was highlighted by Christopher and Thorne, 1985. A new 
linearisation approach to the nonlinear problem was proposed by Foelsche et al., 1988. They 
employed impedances as functions of the amplitude of response to represent the nonlinear 
force, an extension to the describing function approach in which the parameters are constant 
over the range of transient response. While Ibanez, 1973, implemented describing functions, 
their use was illustrated by Bowden and Dugundji, 1990. In their study of joint nonlinearity in
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space structures, the joint properties were formulated to possess a cubic displacement nonlinear 
term.
Another approach to calculating the periodic solutions of nonlinear structural systems 
involves the assessment of normal modes. Rand, 1974, and Jezequel and Lamarque, 1991, both 
presented investigations using the method which is based on a normal transformation originally 
proposed by Poincard. The transformation essentially allows the terms of the nonlinear 
differential equations to be changed resulting in a simpler, possibly linear system. The method 
generally enables a stability analysis of the system and compares well with perturbation 
methods.
Methods for the identification of dynamic structural parameters associated with 
nonlinear systems have been developed employing the analytical methods described above. The 
process builds a mathematical model based on response measurements obtained according to a 
given input. Hanagud et al., 1985, proposed a method which incorporated the method of 
multiple scales. The study analysed a single degree of freedom system that expressed a cubic 
displacement nonlinearity. Rice and Fitzpatrick, 1991, employed a spectral approach based on 
performing the nonlinear operations in the time domain and the linear operations in the 
frequency domain. With the technique, the frequency response function of systems with 
arbitrary nonlinearity can be obtained from the estimated mathematical model. Stry and Mook, 
1991, proposed a minimum model error optimal estimation approach. An initially assumed 
model is adjusted according to correction terms evaluated from correlation techniques. Other 
forms of identification procedures include the kalmen filter (Yun and Shinozuka, 1980) and 
control methods. A short review of current techniques was included in the paper presented by 
Stry and Mook, 1991.
Specific identification of the dynamic structural properties associated with flexible joints 
also involves methods aimed at building a mathematical model from experimental results. The 
subject is briefly reviewed by Lee and Nikolaidis, 1992. In their paper, they also proposed a 
method which identifies the structural parameters of flexible joints using Bayesian and weighted 
least squares estimation, although the joints are considered to be elastically linear. Prior to this, 
Lawrence and Hucklebridge, 1988, assessed the characterisation of damped connections in 
multi component systems using an iterative optimisation procedure, estimating the parameters 
from finite element generated data. Although strictly not an identification method, Bohlen and
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Gaul, 1987, evaluated the damping properties directly from experimental data and subsequently 
incorporated the values into a finite element model of a structural joint. Solved using a 
modified numerical integration procedure, the method was found to provide reliable and 
accurate frequency response predictions.
With the analytical and numerical techniques so described to obtain the dynamic 
performance of nonlinear structural systems, a number of authors have specifically addressed 
the problem of flexible joints in large space structures. Mercadel, 1989, employed describing 
functions to define the characteristics of the joints, and determined the presence of limit cycles 
in controlled truss structures. Belvin, 1987, experimentally assessed the performance of a 
typical joint and generated a finite element model based on the findings. The joint elements 
were subsequently incorporated into a larger truss structure upon which the effects of nonlinear 
joint stiffness was assessed on the overall dynamic performance. Despite incorrect predictions 
concerning the amplitude of deformation, the study concluded that the joints could be modelled 
using equivalent linear stiffness properties. Ferri, 1988, focused on the detailed characteristics 
expressed by a single joint. Considering a sleeve joint model, similar to the one under 
discussion within this project, a finite element model was constructed and analysed using 
numerical integration techniques. The dynamic response of the joint was found to be amplitude 
dependent with the occurrence of subharmonic and superharmonic resonant frequencies, 
typically associated with strong nonlinearities. Tzou et al., 1990, evaluated the dynamic 
response of a spherical joint using the auto regressive moving average process as a stochastic 
simulation technique. Considering three dimensional space, the study established the response 
to be complex and dependent on a number of differing conditions. A finite element approach 
was also employed by Bowden and Dugundji, 1990, who proposed a geometrically based joint 
participation factor for the assessment of linear flexible joints in a single beam. Nonlinear 
parameters introduced into the joints with describing functions resulted in resonant frequency 
shifting and the observation of modal coupling. Webster and Velde, 1991, also employed the 
describing function technique as they modelled a truss with nonlinear joints and proposed a 
representative equivalent beam model. The significance of in plane tensile forces on the 
behaviour of flexible joints was examined by Bindemann and Ferri, 1991. Analysed by the 
harmonic balance method, the tensile forces generated by large amplitude motions of jointed 
beams were found to significantly effect the performance of a sleeve joint model.
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The presence of nonlinearities within a structural system will lead to a number of 
observations in the dynamic response not witnessed in equivalent linear systems. The behaviour 
is particularly noted to be amplitude dependent, giving rise to resonant frequencies subject to 
the excitation magnitude. This amplitude dependent nature consequently bends the resonant 
frequency peaks observed in the frequency domain. Severe bending of the resonant frequency 
peaks leads to a physical ’jump’ phenomenon where a multivalue response arises at certain 
frequencies. The particular shape, or form, of the resulting resonant peak characteristically 
depends on the direction in which the resonant frequency is approached. Further to this, 
subharmonic or superharmonic resonances may occur at multiples of the first natural frequency, 
the values of which depend on the nature of the nonlinearity. Other features involve 
combination resonances and period multiplying bifurcations that may eventually lead to the 
presence of chaotic motions.
The effects of nonlinearities on the dynamic response of structural systems is well 
documented in the texts of Nayfeh and Mook, 1979, and Thompson and Stewart, 1989. In 
addition, Nayfeh and Balachadran, 1989, present a detailed discussion on the occurrence of 
modal interactions in a variety of harmonically excited structural systems. Hamden and Nayfeh,
1989, discussed the occurrence of limit cycles, multivalued solutions associated with the jump 
phenomenon, and other features in the modelling of nonlinear electrical power systems. Sun 
and Hsu, 1991, employed a geometrical approach called the generalised cell mapping method, 
and assessed the influence of uncertainties on the nonlinear response. The study highlighted that 
system uncertainties increased the unpredictability of the response. An investigation by Koh and 
Liaw, 1991, highlighted the importance of time step size associated with numerical 
incrementation schemes. Under certain conditions, the predicted response was found to produce 
bifurcations and subharmonics, not associated with the structural system. Hunter, 1985, 
performed a transient investigation, noting a significant increase in the noise level when 
nonlinearities were introduced. Both the clearance and continuous stiffness type nonlinearities 
were analysed by Kahraman and Singh, 1992. They observed that in heavily loaded systems the 
response was dictated by the clearance nonlinearity, whereas for lightly loaded systems, the 
continuous nonlinearity was the predominant factor. Shaw and Rand, 1989, discussed the 
degradation of the response under periodic excitation. Under certain conditions they found the 
occurrence of different forms of bifurcations, including those associated with chaos. A similar 
mathematical model which expresses a bilinear stiffness characteristic was studied by Li et al.,
1990. By imposing a large excitation force, they observed the response to degenerate into
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chaotic vibrations. The study of chaos has been addressed by a number of authors, Holmes, 
1982, Holmes and Moon, 1983, Nayfeh and Sanchez, 1989, and Hall, 1990. Their studies 
addressed similar mechanical systems which lend themselves to the occurrence of bifurcations, 
strange attractors and chaos.
2.7 Experimental Dynamic Analysis
The development of reliable mathematical modelling techniques is essential to the 
design of large space structures. Their size often renders full scale testing impractical such that 
design will rely entirely on the results predicted by the mathematical model. As structures 
become more complex, so the mathematical models become more intricate, often incorporating 
assumptions in all but the simplest of problems. Their implementation and reliability 
consequently needs validation, a process which necessitates the use of real physical data 
obtained through experimentation. As a result of experimental observations, mathematical 
models are improved and updated, including necessary adjustments to solution processes. With 
reference to spacecraft, the structural performance is usually assessed in terms of the modal 
properties, evaluating the natural frequencies, mode shapes and damping efficiency. The 
qualification of spacecraft in terms of their dynamic characteristics has been addressed by 
several authors, including Tollison and Waites, 1984, Wada, 1986 and Belvin and Edighoffer, 
1986.
Where the testing of large space structures is feasible, their inherent flexibility and 
lightweight nature pose great problems to ground based techniques. Their dynamic behaviour 
becomes influenced by gravitational forces and therefore unrepresentative of the performance to 
be found in the near zero g environment of space. Ikegami et al., 1988 and Patton and 
Trethewey, 1987, discussed the considerations and concepts that should be adopted for ground 
based testing of large space structures. The determination of the shape of a flexible beam 
uninfluenced by gravity was experimentally addressed by Balas and Babcock, 1988. While they 
utilised a discrete number of flexible supports, Wada et al., 1985, proposed a variable support 
method. Called the multiple point boundary test, the technique was further discussed in the 
papers, Wada et al., 1986, and Glaser et al., 1992. With a specific focus on flexible joints for 
deployable space structures, Hsu et al., 1989, investigated the effects of gravitational forces
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and model scaling. Model scaling is a procedure often used to overcome the limitations 
imposed by size on full scale testing.
Identifying the structural dynamic characteristics from experimental data involves a 
numerical process based on mathematical formulations. The most widely used method is that of 
modal analysis which utilises the form and shape of experimentally measured frequency 
response functions to determine properties such as the natural frequencies, mode shapes and 
damping properties. It is a technique which has thrived on recent advances in data acquisition 
and measurement devices. The most common form of measurement device is the piezoelectric 
transducer although these have been noted to particularly influence lightweight structures 
(Mace, 1991). While Lee and Moon, 1990, have developed a piezoelectric sensor that can be 
incorporated into the composite material, the piezoelectric type of sensor may only measure the 
performance at discrete locations. To overcome this problem Huston et al., 1991, have 
proposed the use of optical fibres which provide a distributed measuring point. Ewins, 1984, 
describes the subject of modal analysis in some detail, covering both the theoretical and 
experimental aspects. Pappa, 1986, compares the various frequency domain identification 
procedures that have been developed for the method. A number of identification procedures, 
however, have evolved for use in the time domain (Rajaram and Junkins, 1984, and Ibrahim, 
1986). O’Neill, 1989, presents a detailed review of the modal analysis technique and highlights 
the various aspects associated with the testing of Large Space Structures.
The use of experimental testing in the validation of mathematical models has led to a 
number of procedures aimed at improving the models from modal tests. The modal assurance 
criterion, proposed by Allemang and Brown, 1982, updates the numerical model according to 
the correlation of modal vectors obtained from the numerical analysis and experimentation. The 
technique was further improved by Heylen and Janter, 1990. A control feedback algorithm was 
implemented by Minas and Inman, 1990, which systematically adjusts the finite element model 
according to the experimental results. Other methods include a kinetic energy approach applied 
by Chen et al., 1987, on the Galileo spacecraft and Caesar and Peter, 1987, discussed the 
concepts of updating both the stiffness and mass matrices of the discretised numerical model. 
McCulloch et al., 1990, and Hanagud et al., 1991, both improved the finite element models 
according to the natural frequencies which led to noticeable errors in the corresponding modal 
vectors. The modal testing identification procedures are founded upon the assumption that the 
structure under test expresses a linear response to dynamic excitation. It is often argued that
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physically no structure exhibits a linear response and thus encompasses some degree of 
nonlinearity, a feature compounded by the presence of flexible joints.
Structures that exhibit a prominent form of nonlinearity can not be analysed using the 
modal testing identification procedures. Observation of linearity within the structure is validated 
according to the principle of superposition and Maxwells reciprocity theorem (Ewins, 1984; 
Mertens et al., 1986). Unconformity with these indicates a nonlinear system. Signs of 
nonlinearity may also be observed from the frequency response function, where distorted 
frequency response plots and an amplitude dependent natural frequency are good indications. 
Singh et al., 1984, discussed the application of modal analysis techniques to nonlinear 
structures. They concluded that while a nonlinear system may be highlighted, the technique was 
not recommended to validate mathematical modelling. Blackwood and Flotow, 1988, utilise the 
modal analysis technique to measure a structure composed of linear subcomponents coupled via 
a nonlinear flexible joint. Although they employed the linear component mode synthesis 
technique to numerically predict the response, they noted the experimentally measured 
frequency response functions to gradually deteriorate at the higher modes with increasing 
flexibility. An increase in damping was also observed at the natural modes before a complete 
breakdown of linearity occurred with a large flexibility.
Simon and Tomlinson, 1984, and Tomlinson and Kirk, 1985, utilise the observation 
that the presence of nonlinearities result in a divergence from linear theory. For the purposes of 
detecting nonlinearities within a structural system, use of the Hilbert transform was proposed 
which defines the relationship between the real and imaginary parts of the measured complex 
frequency response function. Should linearity prevail, a good correlation is observed with the 
transform. As nonlinearity becomes prominent within the structure, this correlation 
deteriorates.
While such observations highlight the presence of a nonlinear structure, experimental 
techniques have been developed to classify or evaluate the nature of the nonlinearities present. 
Crawley and Aubert, 1986, present a force state mapping technique which experimentally 
measures the force transmission properties of a structural element as a function of its 
mechanical state. The nonlinearities contained within the structure form a unique and 
identifiable map which can be subsequently used in mathematical modelling. Crawley and 
O’Donnell, 1987, illustrated the technique on a variety of nonlinear structural systems including
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an investigation into the behaviour of a sleeved pin joint, similar to the deployable energy 
loaded joint presented in this project. A general procedure aimed at the identification of 
structural properties associated with joints was presented by Lawrence and Hucklebridge, 1990. 
The iterative procedure implements a global fit on transient measured data and adjusts the 
corresponding mathematical model according to a sensitivity matrix.
Specific interest in the clearance type nonlinearity expressed by deployable joints, has 
resulted in several investigations into the corresponding frequency response characteristics. The 
clearance type nonlinearity was discussed by Dederman et al., 1986, in which a simple 
structure was examined with a loose connection. In comparison with the corresponding linear 
frequency response behaviour, the loose connection was noted to reduce the natural frequency 
and the peak amplitude of response. An increase in damping was observed to accompany this 
along with the presence of substantial noise at higher modes. These observations compare well 
with those made by Blackwood and Flotow, 1988, who studied a sloppy joint beam model. 
Murakami and Sato, 1990, studied the clearance property incorporated into a support fixing. 
Their results indicated the presence of the jump phenomenon and a suppression of the peak 
amplitude at the natural frequency. Although the peak response was curtailed, the resonance 
condition was noted to be sustained over a wider range of frequency. With specific reference to 
pin joints in large space trusses, Moon and Li, 1990, highlighted the possibility of creating 
chaotic motions. The study found, however, that the modal frequencies of the truss were 
considerably lower than those of its linear counterpart. Moon and Li concluded that by 
introducing loose joints into a large truss the dynamic response could become very complicated 
with the current well established linear experimental techniques unable to accurately define the 
performance.
2.8 Static Analysis
Although the energy loaded joint has been designed primarily for use in the 
construction of large structures in space, its concept may be suitable to ground based 
applications. Shan, 1990, studied a number of potential ideas for folding and developing such 
ground based structures.
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While static forces experienced in space are expected to be low, due to the weightless 
environment, the performance of ground based structures will be governed by the gravitational, 
static forces. The incorporation of joints within the truss will therefore form a continuous load 
transmission path, which, by virtue of its fabrication, will become the weakest points in the 
structure. The strength of the truss may consequently be heavily influenced by the design and 
efficiency of the joints.
The nature of the fabrication process associated with the energy loaded joint, 
encompasses two forms of connection types. The fitting components are adhesively bonded, or 
welded, to the structural members, whereas the link plate is mechanically fastened to the fitting 
components.
The joint employs a pin type fastener within the mechanical connection. The geometric 
nature of the connection forms a double lap joint in which there exists negligible bending on 
the components owing to the eccentricity of load. Several other geometric parameters, 
however, are noted to influence the performance of the joint and reviews by Goodwin and 
Matthews, 1980, Poon, 1986, and Vinson and Sierakowski, 1987, offer a guide to previous 
work and the conclusions that were drawn.
The inclusion of a pin hole within both the link plate and fitting components introduces 
a geometrical disconformity that redistributes the applied stress field. It is a problem well 
developed and understood. Bickley, 1928, first studied the generation of stress concentrations 
around circular holes in plates of isotropic nature and infinite dimensions. Howland, 1930, 
continued this work by producing the exact formulations for the stress distribution around a 
centrally located hole in a plate of finite width. The analysis catered for holes that occupy up to 
one half the plate width and Peterson, 1974, documents the results in graphical form.
Although their solutions have been well accounted for in experimental observations, 
such as photoelasticity tests, their work assumes a two dimensional problem. This therefore 
does not consider the out of plane stress, inherent in all physical problems except when the 
Poisson’s ratio is zero. Sternberg and Sadowsky, 1949, highlighted this by showing that a 
transverse hole in a plate of arbitrary thickness produced a tangential stress at the hole 
boundary which varied across the thickness of the plate. Youngdahl and Sternberg, 1966, 
supplemented this by presenting in detail the three dimensional stress boundary layer which
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occurs at the hole boundary of finite thickness plates. They also highlighted the limitations 
inherent in the two dimensional treatment of the problem even though for design purposes the 
assumptions appear to be sufficiently accurate.
Although the exact solution was determined early on, the advent of computational 
techniques such as the finite element method, enabled problems of increasing complexity to be 
solved. Tian, 1990, developed special hybrid stress elements that improved the prediction of 
stress concentrations at hole boundaries. The work focused on the development of three 
dimensional solid elements. Further to the finite element work, the boundary element 
computational method has also been applied to the two dimensional analysis of the problem. 
Hong and Crews, 1979, and, Mahajerin and Sikarskie, 1986, applied the method and generally 
found good agreements with the analytical solutions. While the boundary element method has 
advantages with respect to computational efficiency, it was criticised by Burgess and 
Mahajerin, 1984, for its lack of detail in displaying stress information on the hole boundary.
The introduction of a pin fastener into the circular hole of a plate generates a complex 
boundary value problem. The interaction between the pin and hole surfaces creates a state of 
partial contact/separation, which is nonlinear in nature. The area of contact differs with load 
which generates a variable stress concentration factor.
The analysis of the stress distribution within pin loaded plates has been solved exactly 
by Knight, 1935, for a plate of infinite dimensions, and Theocaris, 1956, for a plate of finite 
dimensions. The solutions are complex in form and do not account for a ffictionless interface 
or the nonlinear variable boundary condition. This boundary condition is further compounded 
by the introduction of physical properties such as the pin to hole clearance, necessary for 
articulation of the joint. The problem thus evolves into one incorporating a mixed boundary 
value to which exact solutions are not available (Muskhelishvili, 1963).
The problem of pin loaded plates is generally undertaken with numerical solution 
procedures that incorporate finite element or continuum methods. Assessment of the contact 
region around the loaded pin is evaluated using an inverse formulation or iterative technique. 
With the inverse formulation, the boundary condition is assumed and the required load to cause 
the condition is subsequently found. However, Murthy et al., 1990, highlighted the formulation 
to possess drawbacks in that anisotropy and assymmetries in the material present difficulties.
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Eshwar, 1978, adopted the inverse formulation in association with a continuum model and 
studied the effect of pin to hole clearance on the resulting stress field within an infinite width 
plate. Naik and Crews, 1986, also implemented the technique but with a linear finite element 
procedure. Ramamurthy, 1989, assessed the stress distribution according to pin fasteners with 
an interference fit, whereby the pin was larger than the appropriate hole. The study also 
investigated the occurrence of low oscillatory performance and concluded that the use of 
interference pins reduced the magnitude of stress concentration.
Implementation of iterative techniques has received alot of attention. Among the 
authors, Harris et al., 1970, Wilkinson et al., 1981, and White and Enderby, 1970 incorporate 
the technique in conjunction with the finite element method. Murthy et al., 1990, developed the 
procedure by introducing an improved iterative solution technique which eliminates variables 
not associated with the process.
A variety of methods have been employed to simulate the action of a solid pin fastener 
on the surface of the plate. Wilkinson et al., 1981, Naik and Crews, 1986, and Murthy et al., 
1990, all impose boundary constraints on the nodal points at the hole boundary. Each of the 
nodes constrained allow motion in the tangential direction only, preventing the plate surface 
penetrating the pin. The accuracy of the method primarily depends on the mesh density defined 
around the hole boundary. A special finite element was developed by Enderby and White,
1970, for the specific purpose of determining areas of contact and separation. The method, 
however, requires definition of a finite element mesh corresponding to the pin fastener located 
within the plate hole. Yogeswaren and Reddy, 1988, employed a contact assessment procedure 
which evaluated a segment of nodes between the finite element meshes of the plate and pin 
fastener.
The analysis of contact between elastic bodies in the finite element method was 
addressed by Chan and Tuba, 1971. Francavilla and Zienkiewicz, 1975, further developed the 
numerical computation of nonlinear contact problems. While these consider no friction at the 
interface, friction is often determined according to Coulomb’s law. Conti, 1986, imposed 
tangential forces at the hole boundary depending on the normal force generated and the 
coefficient of friction. Other studies by Wilkinson et al., 1981, Hyer et al., 1987, and 
Yogeswaren and Reddy, 1988, utilised an iterative technique which evaluated the tangential 
forces at the hole boundary. Slippage was deemed to have occurred if the force overcame that
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required for slippage. Plesha and Steintz, 1986, analysed the problem with unclassical friction. 
They introduced surface elasticity and plasticity effects and highlighted that while Coulombs’s 
law remained accurate for most design cases, the phenomenon of friction is considerably more 
complicated.
Besides the definition of displacement constraints around the hole boundary and loading 
the far edge to impose the stress field, a similar loading condition may be obtained by 
restraining the far edge and loading the contact region around the hole boundary. Waszczak and 
Cruse, 1971, employed the method during their analysis, imposing a load distribution around 
the hole boundary based on a cosine formulation. Although they consider anisotropic mediums, 
Bickely, 1928, highlighted the cosine distribution to be a good approximation for isotropic bolt 
bearing specimens. Wilson and Tsujimoto, 1986, also employed a cosine load displacement at 
the hole boundary while Hyer et al., 1987, applied a cosine displacement function. Chang,
1986, considered the loading method and compared the cosine load distribution with that of the 
actual load distribution determined in an iterative manner. Wong and Matthews, 1981, 
compared the effects of imposing both the cosine load and cosine displacement methods. All 
three methods discussed for loading the plate have been compared by Tsujimoto and Wilson, 
1986, in their study of laminated polymer composite plates.
The analysis of pin joints in metallic structures is now well understood. The majority of 
recent investigations have come about due to the advent of fibre reinforced polymer composites 
and their use in aerospace applications. The high strength to weight characteristics and their 
ability to tailor performance make them particularly suitable to advanced engineering fields.
The material properties typically express an orthotropic or anisotropic medium where the 
material behaviour is highly dependent on the nature and content of fibre and matrix 
components, along with the orientation of fibres within the matrix. The comparison between 
isotropic and orthotropic material behaviour was illustrated by Yogeswaren and Reddy, 1988. 
Cheng, 1975, investigated geometric effects on the stress concentrations at circular holes in 
composite plates. Rybicki and Schmueser, 1978, assessed the effects of fibre orientation and 
their stacking sequence on the free edge stresses around a hole under tension. Lucking et al., 
1984, investigated the interlaminar stresses within specific forms of composite laminates that 
exhibited a hole in a uniform tension field. Lakshminarayana, 1983, used a shear flexible finite 
element that portrayed the mechanisms of a laminated composite plate.
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Pin loaded holes in composite plates was comprehensively assessed by Codings, 1977, 
who conducted an experimental survey. Wong and Matthews, 1981, investigated glass 
reinforced epoxy resin whereas Rowlands et al., 1982, considered wood, glass and boron 
reinforced composites for single and multiple bolted joints. Hyer et al., 1987, studied two 
forms of composite laminate and included the effects of pin elasticity, clearance and friction in 
pin loaded orthotropic plates. Seabian and Oplinger, 1987, presented experimental and 
numerical work on one form of composite plate with considerations of material nonlinearity 
included in the study. They noted a significant degree of plane shearing occurred in regions of 
high stress concentration which affected its mechanical response. Chang et al., 1984, however, 
presented a method for sizing laminates based on the calculation of failure strengths and failure 
modes of one or two pin loaded holes. The procedure considered interaction coefficients as 
each of the geometrical parameters were taken into account in calculating the failure loads.
Despite the amount of work accomplished in the study of pin loaded holes within 
composite plates, their understanding to date is not as well understood as with metallic, or 
isotropic joints. It is though that while laminate behaviour can be generalised on a macroscopic 
level, the influence of micromechanics can be significant. In addition, owing to the numerous 
variable parameters associated with composite laminates, general classification of the 
performance, on a scale similar to metallic connections, is not possible.
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Chapter 3
Static Analysis
3.1 Introduction
Although the joint has been designed for the specific use of deploying skeletal 
structures in space, the general concept may potentially be incorporated into similar ground 
based structures. The rapid speed at which the system can be deployed may prove valuable in 
areas of temporary or permanent forms of construction. Assembled into its stowed 
configuration in the factory workshop, the truss may be transported with ease to the required 
site. The subsequent deployment will result in the erection of a large span structure which 
characteristically exhibits stiff yet lightweight properties.
While it is recognised that static loads experienced in the space environment are 
virtually zero, static loads within ground based structures are of prime importance. By virtue of 
the geometrical form, skeletal truss structures invoke a load distribution through the structure 
which is axial in form. Including an energy loaded joint within individual members of the truss 
will therefore result in the joint predominately transferring axial forces through a pinned 
connection. The connection forms a continuous load path and one which becomes the weakest 
point within the structure.
The ultimate strength of the truss will be heavily influenced by the design and 
efficiency of the joints. For this reason a numerical static analysis was performed on the energy 
loaded joint to identify areas of stress concentration and potential areas of weakness.
At present, no specific ground based application has been proposed for this form of self 
erecting structural system. While high technology thermoplastic materials will ultimately be 
used in space applications, it is envisaged that other, more economical, materials will be 
considered for ground based applications. The static analysis is therefore carried out with no 
particular material in mind. Consequently the numerical predictions are not complemented with 
experimental testing which would give rise to an estimated failure strength of the joint. The 
analysis is therefore primarily concerned with giving an insight into the behaviour of the joint,
35
highlighting areas of stress concentration and their consequent implications on the performance 
of the overall joint.
3.2 Objectives
Incorporation of the joint into the structural member involved the use of two of the 
most common joining techniques in structural mechanisms. At the centre of the deployable joint 
a mechanically fastened link composed of two pin connections was used, while the connection 
of the fitting components to the structural member utilised an adhesive lap joint. The design 
and performance of the adhesive lap joints were not considered during this study as much of 
the work concerning this joining technique on the high technology thermoplastic material 
carbon fibre reinforced polyethersulphone, has been covered by Hollaway, 1990. The study 
presented in this work focuses on the mechanically fastened connection at the centre of the 
joint.
Assessment of the stress distribution was performed with the joint considered in its 
deployed state. The primary loads carried by the joint were then considered to be axial forces 
and the analysis was conducted under the action of such a load. The study takes into account 
design considerations, such as the effect of a pin/hole clearance and friction at the pin/hole 
interface, with evaluation of the effect these would have on the performance of the connection.
The numerical study is undertaken with the use of the well developed finite element 
structural analysis technique. The commercially available software packages ABAQUS and 
LUSAS were used although ABAQUS was primarily utilised throughout the study with LUSAS 
providing a numerical validation on the results.
A numerical validation of the finite element procedure was also undertaken with respect 
to analytical formulations.
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3.3 Materials
While high technology thermoplastic materials are under consideration for use in the 
space environment, their use in ground based structures may prove uneconomical. However, 
the cheaper polymer composites, which do not perform well in the environment of space are 
playing a greater role in civil engineering structures (Meier, 1992). By virtue of their material 
composition, the properties can be tailored according to the desired performance required of the 
structure. This proves advantageous with respect to attaining an economically efficient high 
strength design.
While the use of tailored polymer composites is a viable possibility, the complex 
geometric form of the joint will probably render the injection moulding technique as the only 
feasible method for fabrication. This process, which preheats a mixture of short fibres and 
resin in a barrel before injection into a mould; this generally results in a material of isotropic 
form. Some alignment of the fibres does, however, occur due to the influence of the boundary 
constraints on the flow of the mixture. Although this may result in differing material properties 
within some areas of the component, the general nature of the material is assumed to describe 
an isotropic medium.
For the purposes of the numerical investigation, specific values assigned for the 
material properties were considered unimportant since the ultimate strength of the connection 
was not to be assessed. The nature of the material properties is important though, and a factor 
which has numerous permutations when considering the tailorable nature expressed by polymer 
composites. However, owing to the considerations expressed for the fabrication process, an 
isotropic behaviour was assumed. By neglecting the possibility of orthotropic or anisotropic 
material behaviour, the analysis also enables other materials of this nature to be encompassed 
by the analysis. Materials such as metals, due to their economic advantages and ease of 
fabrication, may eventually be more relevant to ground based structures.
Material properties chosen for the numerical analysis were based on the values of 
PEEK resin and T300/3000 carbon fibre (Johnston and Hergenrother, 1987, Bowles and 
Tenney, 1986) which were used in the rule of mixtures equation. Using a suitable parametric 
value for 15 which represents randomly orientated fibres within the resin, a suitable value of the 
elastic modulus is subsequently obtained.
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The formula, which states;
E  = Pi)f Ef  + vm E„
where,
p = 0.375
Em = tensile modulus o f the resin 
Ejr = tensile modulus of carbon fibres 
vm = proportion of resin in composite 
uy = proportion of fibres in composite
gives rise to an elastic modulus of 3200 N/mm2 and, with a Poissons ratio of 0.39, a 
shear modulus of 1151 N/mm2.
The nature of the elastic moduli up to failure was assumed to remain perfectly elastic.
It was recognised, however, that most materials exhibit a degree of nonlinear material response 
influencing the performance of the joint up to failure. This differs from material to material 
with polymer composites being particularly influenced by fibre breakage and yielding of the 
resin matrix. The assumption was therefore made that the level of applied loading remained 
within the elastic bounds of the material.
3.4 Numerical Modelling
The joint is studied utilising the finite element method which is a numerical technique 
for analysing the stress distribution within continuous structures. The mathematical formulation 
governing stress analysis involves the differential equations of equilibrium and compatibility, 
together with the stress strain relationship and boundary conditions imposed on the structure. 
Analytical solutions to these equations are seldom possible and a numerical procedure is often 
required.
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The finite element technique provides the capability of solving these equations by 
representing the analytical formulations by a series of algebraic equations. These describe 
discrete values of the unknowns at a finite number of points within the structure. The technique 
therefore approximates the continuum structure by a discrete model possessing a finite number 
of degrees of freedom.
In order to invoke the method the structure is conveniently divided into an assemblage 
of finite elements interconnected at nodal points or nodes, at which the unknowns are to be 
approximated. The finer this discretisation becomes, the greater the approximations resemble 
the continuous structure. Interpolation of the unknowns between successive nodes of an 
element, however, play an important role in the solution of the problem. The function which 
describes this variation is usually approximated by a polynomial of either linear, quadratic or 
cubic form. By connecting these polynomial functions, the finite element method generates an 
approximating function from which the unknowns are to be found. The method expresses a 
great versatility in its application although due to its approximating nature, results obtained for 
specific problems should be regarded with caution. The finite element codes employed during 
the study were the commercially available software packages ABAQUS and LUSAS.
ABAQUS, owing to the large element library and greater versatility offered, was primarily 
used throughout the investigation. LUSAS, however, was incorporated to validate the results 
obtained from ABAQUS. While this does not guarantee the accuracy of the solution, their use 
compares the differing mathematical processes undertaken to arrive at the solution.
The formation of the numerical model representing the mechanical connection took full 
advantage of the overall symmetry offered by the deployable joint. With the correct boundary 
conditions imposed, it was necessary to model only one eighth of the joint. This is depicted in 
figures 3.1 and 3.2 where the required boundary conditions are shown for the link plate and 
fitting components respectively. In addition to this it was considered that the sliding collar and 
compression spring components of the joint contributed no effect to the overall load 
transmission path and were therefore removed from the analysis.
Further simplifications to the numerical model were also made regarding the 
mechanical fastener used to pin the connection. The fastener was assumed to have been 
manufactured from a considerably higher elastic modulus material than that of the surrounding 
component such that a small deformation of the pin would occur. The fastener, which was
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assumed as a rigid pin, allowed the modelling of the two components to be undertaken 
individually, providing that common boundary conditions were imposed on the pin hole.
The geometric dimensions contemplated for the design were based on previous 
prototype models of the joint. The dimensions are envisaged to be those illustrated in figures
3.1 and figure 3.2. Their size is dictated by that of the sliding collar which is proposed to be of 
the same geometric form as the structural member. In order to achieve a rigid connection in the 
deployed position, the joint components fit tightly inside the collar. The structural member is 
tubular in form and has a 25mm outside diameter and 2mm wall thickness, the width of the 
link plate and the outside diameter of the fitting components are 21mm. The length of the link 
plate has been designed to be consistent with the deployment of the members. The thickness, 
however, was arbitrarily chosen to be 7mm, one third of the diameter of the fitting component. 
The length of the fitting component was derived according to the length required to achieve 
constant stress conditions away from the geometric disconformities. One such geometric 
disconformity, the pin diameter, was chosen to be one third the width of the link plate.
The corresponding finite element models generated according to the above 
considerations are shown in figure 3.3 and 3.4. The pin to plate load transmission path presents 
a nonlinear problem since the distribution of forces acting between the pin and plate interfaces, 
changes as the loading proceeds. This is due to the tendency of the plate to deform, warping 
itself around the pin thereby changing the contact area and consequently the stress distribution. 
Theocaris, 1956, describes this behaviour in terms of analytical equations. Their application, 
however, are found to be very complex and the numerical procedure was therefore compared 
with the simpler analysis of evaluating the stress concentration within the plate under a uniform 
tensile force. The refinement of the mesh and the numerical technique were validated according 
to closed form analytical formulations. Howland, 1930, presents the analytical formulations 
concerning the stress distribution found within holed plates, of finite width. This is a problem 
now well understood, and many publications present stress concentration factors according to 
the geometric properties of the plate. Although this ignores the presence of a rigid pin, the 
accuracy of the numerical procedure and the quality of the modelling can still be assessed.
A finite width plate resembling the dimensions of the link plate was generated in terms 
of finite elements. The three dimensional model is shown in figure 3.5 and incorporates the 
higher-order 20 noded isoparametric elements capable of modelling the curved boundary
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around the pin hole. Owing to the flat nature of the plate and the in plane loading condition, 
the model was further simplified by creating a finite element model of the plate with plane 
stress elements. Shown in figure 3.6, the model displays the same in plane mesh as that used 
for the three dimensional model. Higher-order eight noded isoparametric elements were used 
throughout, again capable of modelling the curved boundary described at the pin hole. The 
high-order nature of these elements ensure inter element compatibility with respect to the 
displacements and their corresponding derivatives. The use of such elements provides a greater 
accuracy in coarse meshes since the shape functions involve more generalised coordinates. This 
consequently increases the complexity of the solution, although due to the small size of the 
problem the subsequent effect on computing effort will be minimal.
The modelling described by the finite width plate, can be extended to a similar mesh 
for the pin loaded link plate. The finite element model illustrated in figure 3.3 uses the plane 
stress high-order eight noded isoparametric elements described above. The use of plane stress 
elements was considered acceptable because of the flat nature of the plate and the in-plane 
loading condition. The element formulation therefore presumes the out of plane stress and shear 
stress values are zero, subsequently simplifying the stress strain relationship. Usually, the 
concept is applicable to thin flat plates where the thickness is very small compared with the 
other dimensions. The structure is then assumed to exhibit a stress free plane surface in which 
the out of plane stress is zero.
Due to the complex geometric form of the fitting component the use of three 
dimensional elements was made throughout the model as illustrated in figure 3.4. A 
combination of high-order 15 noded triangular wedge elements and the high-order 20 noded 
rectangular solid elements was necessary to form the model with both element types possessing 
a formulation based on the isoparametric approach.
3.5 Numerical Techniques
The numerical models generated to represent the link plate and fitting components of 
the joint were analysed individually. This was made possible by virtue of the assumption that 
the load is transferred between the components with the use of an undeformable rigid pin. The 
boundary conditions imposed at the pin hole are therefore singularly important as they are
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required to simulate the transfer of the load from the mechanical fastener to the appropriate 
component. The definition of boundary restraints, however, requires some care as the 
interaction describes a nonlinear contact problem according to the applied load. Other factors 
such as hole clearance and frictional forces will also influence the contact region. Essentially 
there are two methods available to specify the boundary conditions for the nonlinear contact 
problem.
These are summarised as follows, together with the procedure adopted for inducing the load.
a) The nodal displacements are radially fixed along the hole boundary with the far 
edge uniformly loaded in the axial direction.
b) A varying load function is applied along the hole boundary with the far edge 
constrained from displacing in the axial direction.
Both procedures are incremental, and adjust the contact area until the radial stress 
components are compatible with displacements. The general method of analysing pin loaded 
plates follows the description expressed in (a). Restraints are imposed by transforming the 
degrees of freedom associated with each of the nodes on the hole boundary to a specified local 
coordinate system. As shown in figure 3.7, the local coordinate system defines a radial and 
tangential coordinate axis corresponding to the centre point of the pin hole. This 
correspondingly allows prescribed boundary conditions to be enforced which will allow 
deformation of the component to occur in a tangential sense while restraining the component 
from penetrating the pin surface. Initially, the number of nodal points around the pin hole at 
which contact is likely to occur, is estimated. The corresponding stress distribution is evaluated 
according to a uniform displacement field applied at the far edge of the plate. Where nodal 
displacements around the pin hole imply a penetration of the pin surface, or a radial tensile 
stress is developed at the hole surface, the prescribed boundary condition is accordingly 
altered. The analysis is re run and further checks are made. The correct hole boundary 
condition is obtained when all the radial stresses are in compression along the contact area and 
all the radial displacements are effectively moving away from the pin surface where separation 
occurs.
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This iterative procedure requires several analysis to be performed before the correct 
solution may be obtained. The finite element code ABAQUS, however, offers slight alternatives 
to the above iteration procedure. Specialised ’contact’ elements are available to describe the 
geometric interaction between the component and pin surfaces as schematically shown in figure 
3.7. Opposite nodes, matched in position, are monitored for their initial clearance along the 
normal to the interface. This normal is assumed not to rotate during the analysis as the 
formulation of the element is designed for contact problems where only small relative sliding of 
the surfaces is expected to occur (ABAQUS, 1989). The nonlinear iteration techniques 
incorporated into the solution procedure ensure that overclosure of the contact elements is kept 
to within specified tolerances and that nodes already closed may also open. Should 
corresponding nodes become closed, the transfer of load between the surfaces takes place with 
shear and pressure stress distributions. With nodes that remain separated, however, no transfer 
of stress occurs.
The contact elements permit the modelling of varying degrees of pin/hole clearance and 
the application of friction to the surfaces in contact. The interaction due to friction was 
modelled within ABAQUS according to Coulombs law of friction. The surfaces in contact do 
not displace relative to one another until a limiting shear stress value has been reached. This 
value of shear stress depends on the normal force experienced at the interface and the 
associated coefficient of friction.
The use of the contact elements required the definition of the two opposing surfaces in 
question. The hole boundary is defined according to the mesh of the component, although in 
order to define the surface of the rigid pin further modelling was necessary. This was achieved 
by modelling the whole rigid pin in terms of finite elements. To ensure that these elements 
simulated the response of a rigid pin, their elastic modulus was specified to be several orders 
larger than that assigned to the components.
Implementing this method for the analysis of the pin/hole interaction, simplifies the 
solution procedure. The nonlinear iteration technique with ABAQUS uses an automatic load 
incrementation scheme which iteratively assesses the condition of the interface nodes around the 
hole boundary. Compared with the original procedure outlined above, the analysis need only be 
performed once without the need to transform the degrees of freedom at each of the nodes. 
Control over the iteration procedure is therefore effectively passed from the user to the
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computer even though the process by which the solution is acquired essentially remains 
unchanged.
Further to the contact elements described above, ABAQUS also provided a series of 
contact elements based on the definition of a rigid body. Their formulation is based on that 
used for the implementation of the contact elements although with the rigid body, several nodes 
share a common reference node as depicted in figure 3.7. The rigid body surface is defined by 
a series of simple formulations related to the reference node. These may describe surfaces 
circular in nature with varying radii or straight lines. For the particular case of the rigid pin, a 
circular surface was defined according to the radii of the pin under consideration. Like the 
contact elements, the solution procedure involves an iteration process which evaluates the 
location of areas where the deforming body and the rigid body are in contact. Areas where the 
two bodies are in contact undertake the transmission of pressure and shear stress according to 
the applied load. Where they are not in contact, no transmission of stresses occur. The method 
possesses the advantage over the contact elements in that it is simple to define with respect to 
the model. The solution does not require the definition of a physical representation of the rigid 
pin in terms of finite elements. It is also noted that the influence of friction and pin/hole 
clearances are also easily incorporated into the analyses.
The three methods discussed above for simulating the effect of a loaded rigid pin were 
implemented on the link plate model and analysed by ABAQUS. The assessment of friction and 
effect of pin/hole clearance on the stress distribution within the plate was also analysed with the 
use of ABAQUS. For the comparison of finite element codes, however, both ABAQUS and 
LUSAS were implemented, although only the method of restraining the hole boundary by 
transformed degrees of freedom was considered.
For the fitting component, only the rigid body method, made available by ABAQUS, 
was applied. This was primarily due to the complex geometric nature of the model and the 
expected complex nature of the contact region around the hole boundary.
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3.6 Results and Discussion
3.6.1 Circular Hole in Finite Width Plate
The two dimensional plane stress finite element model representing the physical 
characteristics of the link plate without a rigid pin insertion, was analysed under a uniaxial 
tensile load. Imposing prescribed boundary conditions along the opposite short edges of the 
plate gave rise to a stress distribution that was highest in the region close to the hole boundary. 
While the stress perpendicular to the hole boundary is zero by virtue of the free surface, the 
stress parallel to the hole boundary becomes greatest when 0  approaches 90° to the direction of 
loading, see figure 3.8.
The redistribution of stress within a plate due to a circular hole, is often measured in 
terms of stress concentration factors. This is measured in two ways, both taking into 
consideration the change in stress due to geometry. The factor, K^, relates the stress 
concentration based on the gross stress whereas the second factor, is based on the net 
(nominal) stress.
Their relationships are described as follows;
r r  _ ^max
**  = ~
j r  _  q max
tn ~
Onom
where a is the applied uniform stress, is the maximum stress encountered, and crnom is the 
net (nominal) stress. The latter stress is defined by;
<7CTnom
where a and w are the hole diameter and width of the plate respectively,
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and therefore,
With regards to the results obtained from the analysis, it was necessary only to assess 
the maximum stress. Therefore the factor was evaluated and correspondingly compared with 
the analytical solutions. Table 3.1 presents this comparison where it is noted that the results 
differ by approximately 6% as the stress concentration factor increases to a value of 3.71.
In addition to the loss of geometry, this increase in stress at the hole boundary is partly 
due to the finite width of the plate. For an infinite plate, the stress concentration, generated by 
a circular hole, is three (Kirsch, 1898); this result has been well established by strain gauge 
techniques and photoelastic methods. With the introduction of a finite width, however, the 
stress concentration increases according to the proportion of the plate occupied by the hole 
(Howland, 1930, Timoshenko, 1970). Peterson, 1974, presents a graphical notebook on these 
factors according to the geometrical parameters of the plate and hole in question. As the 
diameter of the hole approaches the width of the plate, the stress concentration factor, K^, 
increases to infinity. From these graphs based on the formulations of Howland, the appropriate 
stress concentration factor was determined for the link plate. This is presented in table 3.1 and 
is compared with the plane stress finite element model.
The results are in agreement and would suggest the validity of the finite element model 
within the bounds of numerical error. Both sets of results, however, are based on the 
assumption that the plate presents a plane problem; this implies that the plate experiences either 
plane stress or plane strain through its thickness such that the problem reduces to one which 
only considers the three planar stress components. The plane stress assumption, however, is a 
tentative one since whilst the requirement of a stress free faces is fulfilled, the boundary 
conditions are usually violated. The plane stress solution is normally accepted with thin plates 
when the dimensions of the plate are large in comparison with the thickness. Similarly, the 
plane strain solution also reduces the three dimensional stress state problem to a two 
dimensional one. Here, the dimensions of the plate are considered small in comparison with the 
thickness such that all the cross sections within the plate experience the same conditions. Whilst 
the assumption conforms to the required boundary conditions, the end faces are not free from 
perpendicular stresses. In general both these assumptions when applied to the three dimensional
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stress state are theoretically incorrect, as the stress and displacement fields will vary from cross 
section to cross section. There is one case however, when the two dimensional approximation 
exactly portrays the three dimensional problem; this is when the through-the-thickness Poissons 
ratio is zero.
In order to validate the use of a plane stress assumption on the performance of the link 
plate, the three dimensional finite element model was placed under a similar loading condition. 
The uniaxial force produced the results presented in table 3.2, which highlights the stress 
concentration factor, K,g through the thickness at an angle of 90° to the direction of load. As 
can be seen from the table, the stress concentration is not uniform through the thickness. The 
maximum stress concentration is generated on a plane at the centre of the thickness, producing 
a 16% difference to that which is produced on the outer face. This difference is a phenomenon 
that is noted to become more sensitive as the thickness of the plate increases with respect to the 
diameter of the hole (Sternberg and Sadowsky, 1949). Table 3.2 highlights that the stress 
concentration experienced within the mid-plane of the link plate to be approximately 14% 
different from the two dimensional solutions. The stress concentration at the outer face, 
however, is only 0.8% different. Sternberg and Sadowsky, 1949, commented on this difference 
with respect to the ratio of plate thickness to the corresponding hole diameter. Considering a 
plate of infinite width, they note that as the ratio increases to infinity, the stress condition at the 
centre of the plate corresponds to one of plane strain. They also observe that the stress 
concentration on the mid-plane of the plate differs by approximately 10% with respect to the 
two dimensional case, although that experienced at the surface differs by only 3%. This would 
tend to suggest that the assumption of plane stress for the two dimensional analyses is 
acceptable as this condition is satisfied on the surface of the plate. However, since the plain 
strain formulation was employed in the two dimensional finite element analysis, this does not 
appear to be the case. In addition, the presumed plane strain condition that exists at the mid­
plane of the three dimensional plate, gives rise to a stress concentration factor that is 9% 
different from the plane strain finite element solution.
In general, the differences highlighted above indicate the inability of the two 
dimensional formulations to accurately represent the three dimensional stress state within the 
link plate. For the purposes of the general investigation undertaken within this project, 
however, the 10% margin of error was thought suitably acceptable and the plane stress and 
plane strain assumptions were considered valid. It is recognised, though, that should the
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analysis have been applied to a specific case, then the use of a more complex three dimensional 
model for the link plate would be necessary.
3.6.2 Link Plate
Evaluation of the stress distribution within the pin loaded link plate was performed 
along three different sections. These sections, illustrated in figure 3.9(a), were thought to be 
the most critical with respect to the generation of stress concentration within the plate. Section 
ABC assesses the stress around the edge of the hole boundary. Section AD looks at the stress 
from the hole boundary to the edge of the plate (referred to as the bearing plane), while section 
BE assesses the stress from the hole boundary to the edge of the plate perpendicular to the 
direction of applied stress (referred to as the tension plane). In each case the averaged nodal 
stress values were used.
3.6.2.1 General Stress Distribution
The stress distribution generated within the pin loaded link plate is first evaluated 
according to a frictionless pin that exhibits a snug fit in the pin hole. Examination of the 
overall stress distribution along the hole boundary indicates that the stress component parallel to 
the applied load to produces the greatest stress concentration factor at approximately 90° to the 
horizontal centre line. The tensile stress is shown in figure 3.10. As the angle decreases from 
90° to 0° the stress parallel to the load changes from a tensile to a compressive one with the 
maximum value of the latter stress occurring at 0°.
The stress perpendicular to the applied load along the hole boundary exhibits a 
maximum stress concentration at approximately 72° to the horizontal axis. From figure 3.10 it 
is seen that this compressive stress is only marginally greater than the magnitude of the tensile 
stress occurring at 0°. The distribution illustrates that as the angle increases from 0° to 90° the 
stress perpendicular to the applied load fluctuates from a tensile stress to a compressive stress 
and finally to approximately zero at 90°.
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Figure 3.10 also illustrates the shear stress distribution along the hole boundary. A 
maximum concentration factor is exhibited at approximately 47°, which increases gradually, in 
magnitude, from 0°. The shear stress is observed to decrease in magnitude from this position, 
reaching a small positive value at 90°.
The distribution of the normal stress which acts on the pin surface around the 
circumference of the hole, figure 3.10, indicates an almost constant compressive stress up to an 
angle of approximately 50° from the centroidal axis of the plate. The stress is then observed to 
rapidly approach zero where separation of the link plate component from the pin surface is 
noted to take place. This occurs at an approximate angle of 86°. Once separation of the two 
surfaces has occurred, the stress normal to the hole boundary is expected to remain zero. 
However, the results depicted in figure 3.10, indicate that as the angle increases from 86° a 
degree of tensile normal stress is generated in the plate shortly after separation. This implies 
that the hole boundary is restrained in some way that does not enable the plate to displace in 
the correct manner. Refinement of the mesh in this region only served to reduce this marginally 
and the presence of this effect was noted to be a limitation with respect to the finite element 
method.
The stress distribution across the bearing plane, or section AD in figure 3.9(a), is 
illustrated in figure 3.11. The results show that the stress parallel to the applied load is a 
maximum compressive stress at the hole boundary. It can be observed that this stress reduces, 
rapidly at first, to zero at the free edge of the plate. The stress perpendicular to the applied 
load, however, is observed to be almost constant across the section with a higher stress 
occurring at the hole boundary than at the free edge of the plate. The shear stress is noted to be 
zero throughout this section.
For the stress distribution across the tension plane, section BE, the stress parallel to the 
applied load is observed to be a maximum tensile stress at the hole boundary. The distribution 
of stress, illustrated in figure 3.12, approaches, rapidly at first, zero towards the free edge of 
the plate. The stress, however, never reaches zero and a small amount of tension exists at the 
free edge. Theoretically this is expected as the stress direction is parallel to the plate edge 
across this section. Both the shear stress and stress perpendicular to the applied load appear 
insignificant by comparison as the magnitude of both stresses is very low.
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3.6.2.2 Comparison of Finite Element Code
The comparison between the finite element codes of ABAQUS and LUSAS showed a 
small difference between the resultant stress distributions. The distribution of stress produced 
along the hole boundary, illustrated that in general a good correlation was observed for all the 
stress components. As shown in figure 3.13, however, LUSAS predicts a marginally higher 
shear stress concentration than that computed by ABAQUS. In addition to this, a slightly 
greater stress concentration is also seen to occur for the stress parallel to the applied load; this 
is shown in figure 3.14. The normal stress acting on the pin surface has a higher predicted 
value computed with LUSAS although this difference is observed to be minimal in figure 3.15. 
Both cases, however, indicate a degree of tensile stress normal to the hole boundary once 
separation has occurred. Theoretically, this should not occur and thus indicates a limitation of 
the finite element method associated with the analysis of pin loaded plates.
A good agreement is generally observed between the two codes across the bearing 
plane. The only significant differences to occur are at the hole boundary associated with the 
shear stress and the stress parallel to the applied load. The disparity in these stresses have 
previously been highlighted in the discussion for figures 3.13 and 3.14.
The two finite element codes express a similar agreement across the tension plane. The 
only notable difference is observed to occur in the stress parallel to the applied load. Figure 
3.16 exhibits the two distributions across the plane, highlighting that LUSAS predicts a slightly 
higher stress concentration at the hole boundary than that of ABAQUS.
Although a small amount of variation is observed between the two codes, it is noted 
that no stress concentration differs by more than 4%. This therefore verifies the numerical 
approach since the same results are obtained with the implementation of two differing 
procedures.
3.6.2.3 Comparison of Numerical Techniques
A comparison between the three numerical techniques provided by ABAQUS for 
restraining the hole boundary exhibits marginal differences in the corresponding stress
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distributions. Although the differences were observed to be insignificant with respect to the 
general distribution of the stress, the results obtained for each of the analyses highlighted that 
some deviation of the actual values does occur. Figures 3.17, 3.18, and 3.19, illustrate the 
comparisons obtained across the hole boundary for the stress components parallel to the applied 
load, perpendicular to the applied load, and the shear stress respectively. Figure 3.20, 
however, illustrates the corresponding normal stress acting on the pin surface. It appears that a 
different magnitude of normal stress is attained for each of the methods used. The interface 
elements predict the lowest stress across this region which may be accounted for in the 
deformation of the elements used to model the pin. Although these were treated as rigid in 
comparison to the plate material, the modulus specified for the elements does not strictly 
represent the rigid boundary conditions imposed by the other two methods. The deviance 
observed for the transformed degrees of freedom and the rigid surface methods, however, are 
noted to be the result of the allowable nodal deformations around the hole boundary. As with 
the case of the contact elements, the transformed degrees of freedom only allow translational 
displacements to occur from the original position of the nodal point. The nodes defined to be in 
contact with the rigid pin, will undergo displacements which do not follow the circular surface 
of the pin. In contrast, the rigid surface modelling technique does allow each of the nodal 
points to follow the circular surface of the rigid pin. This consequently gives rise to a slightly 
different stress distribution from that observed with the transformed degrees of freedom. By 
virtue of the mathematical formulations involved, the rigid surface would tend to give a more 
accurate definition of the interaction between the deformable link plate and the rigid pin.
3.6.2.4 Effect of Friction
The introduction of friction between the pin and hole boundary interface is observed to 
produce a significant change in the distribution of stress. As the coefficient of friction is 
increased, several notable effects are seen to occur. Considering the section along the hole 
boundary, and in particular the stress parallel to the applied load, the increase in friction results 
in an increase in the tensile stress at 90° to the centroidal axis. Shown in figure 3.21, a 
decrease in compressive stress is also seen at 0°. Both these changes are noted to become 
substantial for the higher values of the coefficient of friction.
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The stress perpendicular to the applied load is observed to alter substantially at 0° on 
the hole boundary as the increase in friction causes the stress to transform from a tensile to a 
compressive stress as shown in figure 3.22. The position of maximum stress, which, for the 
frictionless pin, was compressive in nature and at approximately 72° is now seen to occur 
further around the hole boundary as the friction is increased. For a coefficient of friction of 0.5 
the maximum compressive stress observed in the perpendicular direction is now at 
approximately 82°.
The effect of friction on the distribution of shear stress around the hole boundary is 
shown in figure 3.23. The stress does not fully develop on the hole boundary until some way 
from the bearing plane. As the coefficient of friction is increased to a value of 0.5, so the 
position at which the stress develops increases from 0° to approximately 20°. The maximum 
shear stress, however, is noted to marginally increase in magnitude although again the position 
at which this occurs is seen to change from 47° for the frictionless pin to 68° for the friction 
case when the coefficient of friction has a value of 0.5.
The normal stress calculated from the three stress components, experienced a similar 
degree of redistribution of stress along the hole boundary as exhibited in figure 3.24. A 
significant drop in the normal stress is observed at 0° as the friction is increased, although 
gradually the stress increases to a maximum compressive stress. The position of maximum 
stress is therefore seen to change from 0° for a frictionless pin to 70° for a coefficient of 
friction of 0.5. While the angle of separation does not change as the coefficient of friction is 
increased to a value of 0.2, a further increase to 0.5 appears to alter this angle to 90°.
The distribution of stress across the bearing plane is observed to reveal an important 
change for the stress component perpendicular to the applied load. Shown in figure 3.25, the 
friction is seen to reduce the tensile stress close to the hole boundary eventually inducing a 
compressive stress as the friction reaches a high value. The far edge appears to be unaffected 
by the interaction of friction at the surface interface such that the tensile stress experienced here 
now becomes the maximum stress.
The stress parallel to the applied load is seen in figure 3.26 to reduce in magnitude due 
to the interaction of friction. The distribution of the stress across the plane remains relatively 
unaltered although it is noted that it becomes increasingly influenced by friction closer to the
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hole boundary. The effect of friction appears therefore to be concentrated in a local region 
about the interface.
The tension plane, section BE, highlights the observation that an increase in friction 
increases the tensile stress parallel to the applied load at the hole boundary as shown in figure 
3.27. Figure 3.28 shows the corresponding stress perpendicular to the applied load for this 
section. It can be seen that little change is encountered in the distribution of stress for values of 
the coefficient of friction up to 0.2. A value of 0.5, however, significantly increases the stress 
local to the hole boundary. This compressive stress indicates the contact that is now present 
between the plate and pin surfaces at the location of this section, although the distribution of 
stress away from the hole remains unaffected.
The shear stress distribution illustrated in figure 3.29, also highlights a redistribution of 
stress according to the degree of friction. It can be seen that the change in stress is lower when 
compared with other stress components (shown in figures 3.21-3.29).
3.6.2.5 Effect of Pin/Hole Clearance
The introduction of a small clearance between the pin surface and hole boundary of a 
frictionless pin, produces a substantial alteration in the stress distribution.
The stress acting within the plate parallel to the applied load is observed to be affected 
by the introduction of a small clearance, or gap, reducing the maximum tensile stress 
concentration around the hole boundary. Illustrated in figure 3.30, the position of the maximum 
tensile stress parallel to the applied load is observed to withdraw along the hole boundary as the 
gap is increased. The peak stress concentration occurs at approximately 80° for a gap of 
0.2mm as opposed to 90° for the condition of no gap. In addition to this, the peak tensile stress 
distribution is seen to become broader with a greater proportion of the plate becoming more 
highly stressed. The corresponding region of the hole boundary that is under the action of a 
tensile stress, however, does not significantly alter with the introduction of a gap. The 
proportion of the hole boundary acted upon by the tensile and compressive stresses appears to 
remain the same, irrespective of the size of clearance. The introduction of a gap also increases
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the maximum compressive stress concentration at 0°, although the degree of increase in this 
stress appears relatively marginal.
The stress perpendicular to the applied load along the hole boundary was noted to be 
dramatically affected by an increasing pin/hole clearance. Highlighted in figure 3.31, the stress 
at 0° is observed to change in nature becoming a compressive stress as the gap clearance 
reaches 0.2mm whereas initially for a condition of no gap the stress at this point is tensile. 
With a clearance of 0.2mm the stress is observed to remain compressive around the hole 
boundary until an approximate angle of 50° is reached. Shortly after this, the stress reaches a 
maximum tensile stress concentration at approximately 58° but thereafter reduces in magnitude. 
For a clearance of 0.2mm the maximum compressive stress is now attained at 180°. Here, it is 
seen that as the clearance increases, so the stress at this location becomes increasingly 
compressive.
For the normal stress acting on the pin surface, the distribution is illustrated in figure 
3.32, As the clearance is increased it can be seen that the angle of separation between the pin 
surface and link component correspondingly decreases. With no clearance in the joint, a 
separation angle of approximately 86° is observed, whereas with a clearance of 0.2mm this 
angle reduces to approximately 56°. The compressive bearing stress at 0° is also noted to 
increase marginally due to the smaller pin surface area accommodating the applied load.
The shear stress for this section, however, appeared to be relatively unaffected with 
respect to an increasing size of pin/hole clearance. The distribution shown in figure 3.33, 
indicates only one irregularity, occurring at the position where the normal stress indicates the 
separation of the two surfaces. Here, a drop in the magnitude of the shear stress is more 
pronounced as the clearance is increased. This is noted to be confined to a local region on the 
hole boundary since the distribution of the stress resumes a similar profile observed for all 
conditions of gap shortly thereafter. The magnitude of shear stress, however, is reduced as the 
clearance is increased. Both the maximum positive and negative shear stresses follow this 
observation.
Considering the section along the bearing plane, the effect of pin/hole clearance 
substantially alters the stress perpendicular to the applied load. Shown in figure 3.34, the 
tensile stress at the hole boundary reduces in magnitude as the gap size increases, eventually
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becoming compressive for the larger gap size of 0.2mm. The corresponding stress at the free 
edge, however, increases slightly with an increase in the gap size such that the tensile stress 
here now becomes the maximum stress. Figure 3.35, shows how the stress parallel to the 
applied load is affected by the pin/hole clearance. Generally, the compressive stress is observed 
to marginally increase with an increase in gap size. The location of the maximum stress 
remains unaltered, occurring at the hole boundary. The shear stress across this section is 
unaffected by alterations in the gap size and remains zero throughout the plane.
Observation of the tension plane indicates that the stress parallel to the applied load 
reduces with increasing gap size. Illustrated in figure 3.36, the distribution is observed to 
decrease throughout the plane with the stress at the free edge becoming compressive in nature 
for the gap size of 0.2mm. The corresponding effect on the stress perpendicular to the applied 
load is shown in figure 3.37. It will be noticed that an increase in the tensile stress is observed 
with the introduction of a clearance. A reversal in the sign of the shear stress is also seen to 
accompany the increase in pin/hole clearance. Shown in figure 3.38, the stress reaches a 
maximum negative value a short distance from the hole boundary, although it is seen that the 
magnitude of stress is small.
3.6.2.6 Observations
It was observed that the comparison drawn between the finite element codes of 
ABAQUS and LUSAS revealed no significant difference in the stress distributions obtained. 
Although this may verify the numerical approach, as the same result was achieved by two 
independent procedures, this does not guarantee that the joint will behave in the manner 
predicted. Indeed the results obtained for the stress distribution around a circular hole in a 
uniform tensile field, highlighted differences as much as 14% in the predicted stress 
concentrations. Although it was argued that for this investigation the simpler formulations of 
plane strain could be used, the analysis of the joint for a particular case will require careful 
finite element modelling.
The several techniques offered by the ABAQUS finite element code to model the 
nonlinear contact problem showed that there was no significant difference between any of the 
solutions obtained for the stress distributions. The method of radially restraining nodes on the
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hole boundary, however, resulted in a substantial reduction in the computing time required to 
analyse the problem. In relation to the nonlinear iteration techniques offered, the solution is 
quicker by virtue of the analysis being fundamentally linear in all aspects of the problem. If the 
problem was therefore simple enough to initially predict the contact region within the model, 
the use of radially restrained nodes around the hole boundary should be used in preference to 
the more elaborate nonlinear methods.
The assessment of the effects that friction may cause to the distribution of stress 
revealed that significant alterations could be achieved. It was noted that should the coefficient 
of friction attain a high value, the failure mode of the link plate could be changed. The 
emphasis should therefore be placed on the fabrication of the joint with smooth holes and pin 
fasteners (Hyer et al., 1987).
The introduction of a pin/hole clearance resulted in substantial changes to the stress 
distribution. It was observed that the failure mode of the plate could be altered according to the 
size of clearance present. However, it was recognised that the sizes of clearance studied was 
well outside the capable machining tolerances to be expected. A small clearance, none the less, 
should be accounted for in order to facilitate the deployment of the joint. This would be 
acceptable provided the joint was designed for the specified clearance and that fluctuations 
about this clearance were kept minimal as these could have serious consequences on the 
performance of the joint.
The overall behaviour of the link plate highlighted the dominant stress to be in the 
longitudinal direction, parallel to the applied load. In particular, the stress concentration was 
noted to be a maximum on the tension plane at the hole boundary. Although failure 
mechanisms are observed to be the result of interaction through a combination of stress 
components, the magnitude of the stress concentration on the tension plane was significantly 
greater than any other component of stress. Therefore, it would be reasonable to assume that 
the link plate would probably fail due to tension, although further work in conjunction with an 
appropriate failure criterion is required.
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3.6.3 Fitting Component
3.6.3.1 General Stress Distribution
The stress distribution obtained for the fitting component was evaluated through the 
cross sections illustrated in figure 3.9(b). The three planes, ABC, AD, BE, exhibited the 
critical areas of stress concentration found within the component and in each case the averaged 
nodal stress values were assessed.
The analysis, undertaken using the ABAQUS finite element software package, 
incorporated the rigid surface method to model the nonlinear contact problem around the rigid 
pin and for this analysis, a snug fitting frictionless pin was considered. A three dimensional 
graphical plot was used to present the results in relation to the geometric nature of the 
component.
The stress components examined along the hole boundary of the fitting component 
revealed that the most critical stress was in the direction parallel to the applied load. Figure 
3.39, exhibits the stress distribution in this direction indicating that the maximum stress 
concentration occurs at 90° to the horizontal centre line on the outer face of the fitting. The 
distribution of this tensile stress through the thickness to the inner face, however, is seen to 
only marginally drop in magnitude.
The observed maximum compressive stress in the same direction as the applied load 
occurs at 180° on the face nearest the centre plane. The magnitude, however, is noted in figure 
3.39 to be only slightly lower than that of the tensile stress. The distribution of this 
compressive stress through the thickness to the outer face is seen to substantially drop in value 
although the relationship appears to be linear between the two faces.
The stress perpendicular to the applied load, along the hole boundary, revealed the 
maximum concentration of stress to occur at approximately 110° to the horizontal centre line 
and on the inner face of the component. This compressive stress, illustrated in figure 3.40, 
becomes appreciably lower in magnitude on the outer face. The greatest tensile stress, 
however, although significantly lower than the experienced compressive stress, is observed to
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occur at 180° on the inside face. The distribution through the thickness of the fitting is noted to 
produce little variation in the magnitude of the stress.
The stress experienced transverse to the applied load along the hole boundary is 
presented in figure 3.41. The magnitude of stress is seen to be negligible in comparison to the 
stress exhibited in the directions parallel and perpendicular to the applied load.
The shear stress results for plane XY are shown in figure 3.42, with a maximum 
positive value at an approximate angle of 145°; the graph also shows the maximum negative 
value to be attained at an angle of 67°. It is noted, however, that these angles alter marginally 
through the thickness of the component. Both the maximum positive and maximum negative 
shear stresses are seen to occur further around the hole boundary in the direction of the applied 
load as the stress is evaluated from the inner face to the outer face of the component.
There are negligible stress levels on the two shear stress planes YZ an ZX throughout 
the hole boundary section ABC which are presented in figures 3.43 and 3.44.
The stress normal to the pin surface along the hole boundary is illustrated in figure 
3.45, and it can be seen that the highest stress concentration occurs at 180° to the horizontal on 
the inside face. This stress rapidly reduces as the separation of the two interacting surfaces 
(indicated by the normal stress reducing to zero), is seen to occur at approximately 130°. The 
distribution of this stress through the thickness to the outside face, however, appears to indicate 
that the maximum angle of separation occurs in the centre with the separation angle of the two 
surfaces on the outside face at approximately 143°.
As in the case of the link plate, the normal stress becomes tensile in nature after the 
two surfaces have separated. The maximum tensile stress for the fitting component occurs at an 
angle of 56°, some way round the hole boundary in the direction of the applied load.
Examination of the bearing stress plane and in particular the stress parallel to the 
applied load revealed a maximum concentration of stress located at the hole boundary on the 
inside face of the fitting. The distribution of stress shown in figure 3.46, highlights this stress 
to reduce in magnitude through the thickness toward the outer face. As the distance is also
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increased away from the hole boundary across the bearing plane, the stress reduces to 
negligible values across the end of the component.
The stress perpendicular to the applied load across the bearing plane is expressed in 
figure 3.47. The maximum stress concentration is seen to occur at the hole boundary on the 
inside face. At the free face of the fitting, however, this tensile stress appears marginally lower 
on the inside face with the stress on the outside face consistently lower across the whole 
section.
The transverse stress distribution across the bearing plane is seen in figure 3.48, to be 
negligible in comparison to the stresses observed parallel and perpendicular to the applied load.
Observation of the shear stress plane XY in figure 3.49, reveals the maximum stress to 
be located on the outside face of the hole boundary. A constant reduction in this tensile stress is 
seen as the distance is increased form the hole boundary across the bearing plane. The stress 
reaches zero, however, some way before the end face of the component, where, thereafter the 
stress remains zero until the end face is reached. A similar distribution of stress occurs on the 
outside face, although here the stress is noticeably lower than that on the inside face.
The two other shear stress planes YZ and ZX produced negligible stresses across the 
bearing plane as seen in the figures 3.50 and 3.51 respectively.
The tensile plane of the fitting component reveals the stress parallel to the applied load 
to be dominant throughout. As shown in figure 3.52 the magnitude of stress is consistent with 
the distribution observed around the hole boundary appearing to be almost constant through the 
thickness. The magnitude of stress, however, decreases rapidly a short distance away from the 
hole boundary leaving an almost consistently low level of stress across the remainder of the 
plane.
The perpendicular stress across the tensile plane produces an almost insignificant level 
of stress. Shown in figure 3.53, the stress appears to fluctuate at the hole boundary although 
this reduces to zero a short distance from the boundary.
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The transverse stress across the tension plane is illustrated in figure 3.54 and seen to 
produce a consistent level of tensile stress at the hole boundary. Like the perpendicular stress, 
however, this diminishes to zero a short distance away from the hole.
All three planes of shear stress across the tensile plane are presented in figures 3.55, 
3.56 and 3.57. A negligible value of shear stress is seen to occur in each.
3.6.3.2 Observations
In general, it was observed that the stress parallel to the applied load would dominate 
the performance of the fitting component under a static load. Both the compressive and tensile 
stresses experienced in this direction, located at the bearing plane and the tension plane on the 
boundary of the hole respectively, appeared to attain the same degree of stress concentration. 
Their positioning, however ,was such that the maximum compressive stress occurred on the 
inside face of the fitting component while the maximum tensile stress was located on the 
outside face. Should the component fail due to either of these two stresses (or both), then 
failure may initiate from these positions. As the stress does not appear uniform through the 
thickness, however, the initiation of failure would cause a redistribution of stress before 
complete failure of the component occurred. It is apparent then that the redistribution of stress 
may result in a complex mode of failure.
The normal stress calculated around the boundary of the hole indicated that the 
separation of the hole boundary from the pin surface does not occur at a constant angle through 
the thickness. The separation angle occurred further around the boundary on the inside face 
compared with that for the outer face where the maximum separation angle was located 
centrally between the two.
Several of the three dimensional graphical plots illustrated a non uniform ’humped’ 
distribution of stress. A number of peaks were noted in regions experiencing high stress 
concentrations. The peaks were seen to coincide with the positions of nodal points within the 
finite element mesh and may indicate that the mesh density was too coarse for the graphical 
curve fitting implemented. However, due to the complex geometric nature of the component, a 
refinement of the mesh would prove difficult and as the stress analysis was primarily
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undertaken to assess the general trends of behaviour, it was considered that the present model 
was sufficiently accurate for the current requirements.
3.7 Concluding Observations
Although at present the failure mode cannot be assessed with respect to each of the 
components, the resulting stress analysis has highlighted the fact that the stress parallel to the 
applied load would play a crucial role in the performance of the joint.For the link plate it was 
observed that this stress was clearly dominant across the net tension plane of the component 
and thus likely to cause failure. For the fitting component the stress parallel to the applied load 
was observed to be critical in two significant areas of the component. A high tensile stress was 
seen to occur across the net tension plane coupled with a compressive stress located at the 
bearing plane both of which were similar in magnitude.
A comparison of the maximum tensile stresses experienced across the tension plane 
between the two components revealed the stress concentration in the link plate to be higher than 
that for the fitting component, for this particular area of stress concentration the ratio of the 
link plate stress to the fitting stress was observed to be approximately 1.4 to 1.0. This indicated 
that the link plate, should both components fail in tension, would fail before the fitting 
component, highlighting the link plate to be the weakest component of the joint.
The comparison of maximum stress concentration factors in the link plate and fitting 
components was based on the application of a constant tensile axial force. It is perhaps 
significant to note therefore the ratio of stress that would be experienced throughout the entire 
structural member. Table 3.3, presents the stress that would be experienced in the direction of 
the applied load for each of the structural components. The table indicates the critical 
component to be the Link Plate, although the fork end of the fitting component is also highly 
stressed due to the stress concentrations factors associated with the mechanical fastener. Other 
components are noted to be relatively stress free indicating that the deployable joint is indeed 
the weakest section of the structural member.
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It was recognised that although only the case of a tensile load has been examined 
during this study, the loading history of the joint through deployment could possibly produce a 
critical loading case and more work is needed in this area.
The numerical stress analysis undertaken during this study has incorporated techniques 
that have not been validated against experimental work. To pursue such a course of action 
requires the development of new fabrication techniques, and in the time available this was 
thought impractical. Additional work is required in order to optimise the current design. The 
design should ensure that the joint withstands the maximum load possible which may lead to 
other sections within the truss becoming the weakest components.
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Table 3.1 Stress concentration in a finite width plate with a circular hole.
Solution procedure 
Analytical Finite element % difference
3.49 3.71 6.3
Table 3.2 Stress concentration through the thickness of a finite width plate with a
circular hole.
Position within plate Stress concentration 
(Finte element analysis)
top face 3.46
top middle plane 4.07
middle plane 4.08
bottom middle plane 4.06
bottom face 3.42
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Table 3.3 Comparison of stress concentrations through the jointed structural member
Structural Component Normalised Stress
ff/Omax
Link Plate 1.00
Fitting Component
(fork end of component) 0.72
Fitting Component
(Structural member end of component) 0.24
Fitting Component/Structural Member
(section across adhesive lap joint) 0.11
Structural Member 0.20
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Figure 3.1 Geometric dimensions of the link plate component, 
(dimensions in mm)
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Figure 3.2 Geometric dimensions of the fitting component, 
(dimensions in mm)
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Figure 3.3 Numerical finite element mesh for the link plate 
component
Y
Figure 3.4 Numerical finite element mesh for the fitting 
component
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Figure 3.5 Three dimensional finite element mesh for the 
flat plate with a circular hole inclusion
Figure 3.6 Two dimensional finite element mesh of the 
flat plate with a circular hole inclusion
Y
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Figure 3.7 Numerical techniques for simulating a rigid pin 
at the hole boundary
Fixed restraint placed at boundary nodes 
with transformed degress of freedom
Interface elements modelling the interaction 
between link plate elements and 
rigid pin elements
Rigid body contact elements defining 
the surface of the rigid pin
4
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Figure 3.8 Distribution of stress tangential to the free 
surface around the hole boundary
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Figure 3.9(a) Sections across the link plate considered for 
the assessment of stress distribution
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Figure 3.9(b) Sections across the fitting component considered 
for the assessment of stress distribution
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Figure 3.10 Stress distribution around the hole boundary
of the link plate
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Figure 3.11 Stress distribution across the bearing plane 
of the link plate
CL
CL<
b
b
2
1
0
1
•2
a  x stress com ponent 
+ y stress com ponent 
o xy shear stress■3
■4
0.50.3 0.7 0.9
Distance from hole centre (x/e)
71
Figure 3.12 Stress distribution across the tension piane
of the link plate
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Figure 3.13 Comparison of finite element code for the shear 
stress around the hole boundary of the link plate
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Figure 3.14 Comparison of finite element code for the stress
component parallel to the applied load around the
hole boundary of the link plate
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Figure 3.15 Comparison of finite element code for the stress 
component normal to the pin surface around the 
hole boundary of the link plate
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Figure 3.16 Comparison of finite element code for the stress
component parallel to the applied load across
the tension plane of the link plate
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Figure 3.17 Comparison of numerical techniques for the stress 
component parallel to the applied load 
around the hole boundary of the link plate
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Figure 3.18 Comparison of numerical techniques for the
stress component perpendicular to the applied
load around the hole boundary of the link plate
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Figure 3.19 Comparison of numerical techniques for the
shear stress around the hole boundary of 
the link plate
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Figure 3.20 Comparison of numerical techniques for the
stress component normal to the pin surface
around the hole boundary of the link plate
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Figure 3.21 Effect of friction on the stress component 
parallel to the applied load around the hole 
boundary of the link plate
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Figure 3.22 Effect of friction on the stress component
perpendicular to the applied load around the
hole boundary of the link plate
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Figure 3.23 Effect of friction on the shear stress around the hole 
boundary of the link plate
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Figure 3.24 Effect of friction on the stress component
normal to the pin surface around the hole
boundary of the link plate
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Figure 3.25 Effect of friction on the stress component 
perpendicular to the applied load across 
the bearing plane of the link plate
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Figure 3.26 Effect of friction on the stress component
parallel to the applied load across the bearing
plane of the link plate
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Figure 3.27 Effect of friction on the stress component
parallel to the applied load across the tension 
plane of the link plate
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Figure 3.28 Effect of friction on the stress component
perpendicular to the applied load across the
tension plane of the link plate
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Figure 3.29 Effect of friction on the shear stress across 
the tension plane of the link plate
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Figure 3.30 Effect of pin/hole clearance on the stress
component parallel to the applied load around
the hole boundary of the link plate
Q.
CL<
6
5
4
□ no gap  
+ gap  = 0.1mm 
o gap  =  0.2mm
3
2
1
0
1
•2
■3
■4
100 120 140 160 18040 60
Angle (degs.)
Figure 3.31 Effect of pin/hole clearance on the stress
component perpendicular to the applied load 
around the hole boundary of the link plate
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Figure 3.32 Effect of pin/hole clearance on the stress
component normal to the pin surface around the
hole boundary of the link plate
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Figure 3.33 Effect of pin/hole clearance on the shear
stress around the hole boundary of the link plate
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Figure 3.34 Effect of pin/hole clearance on the stress
component perpendicular to the applied load
across the bearing plane of the link plate
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Figure 3.35 Effect of pin/hole clearance on the stress
component parallel to the applied load across 
the bearing plane of the link plate
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Figure 3.36 Effect of pin/hole clearance on the stress
component parallel to the applied load across
the tension plane of the link plate
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Figure 3.37 Effect of pin/hole clearance on the stress
component perpendicular to the applied load 
across the tension plane of the link plate
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Figure 3.38 Effect of pin/hole clearance on the shear
stress across the tension plane of the link plate
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Figure 3.39 Distribution of stress parallel to the applied 
load across the hole boundary section of the 
fitting component
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Figure 3.40 Distribution of stress perpendicular to the applied
load across the hole boundary section of the
fitting component
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Figure 3.42 Distribution of shear stress xy across the hole
boundary section of the fitting component
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Figure 3.43 Distribution of shear stress yz across the hole 
boundary section of the fitting component
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Figure 3.44 Distribution of shear stress zx across the hole
boundary section of the fitting component
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Figure 3.45 Distribution of stress normal to the pin surface 
across the hole boundary section of the 
fitting component
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Figure 3.47  Distribution of stress perpendicular to the 
applied load across the bearing plane 
of the fitting component
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Figure 3.48 Distribution of stress transverse to the applied
load across the bearing plane of the
fitting component
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Figure 3.49 Distribution of shear stress xy across the 
the bearing plane of the fitting component
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Figure 3.50 Distribution of shear stress yz across the
bearing plane of the fitting component
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Figure 3.51 Distribution of shear stress zx across the 
the bearing plane of the fitting component
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Figure 3.52 Distribution of stress parallel to the applied
load across the tension plane of
the fitting component
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Figure 3.53 Distribution of stress perpendicular to the 
applied load across the tension plane of 
the fitting component
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Figure 3.54 Distribution of stress transverse to the applied
load across the tension plane of
the fitting component
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Figure 3.55  Distribution of shear stress xy across the 
tension plane of the fitting component
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Figure 3.56 Distribution of shear stress yz across the
tension plane of the fitting component
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Figure 3.57 Distribution of shear stress zx across the 
tension plane of the fitting component
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Chapter 4
Numerical Dynamic Analysis
4.1 Introduction
The dynamic characteristics of the energy loaded joint are complex with the sliding 
collar taking a prominent role. The mechanism by which the joint deploys primarily involves 
the collar sliding over the joint under the action of a compressive force induced by the spring. 
In order to achieve this the collar must display a loose fit on the joint body, thereby permitting 
the necessary motion uninhibited. Having attained the deployed position, however, the pivoting 
nature of the joint coupled with the loose fit of the collar introduces a degree of rotational free 
play, or sloppiness, in the structural member. The member can therefore undergo a certain 
amount of deflection before the collar imposes any form of restraint. A deadband is thus 
introduced to the flexural stiffness where no restoring force is generated until the structural 
member is displaced by an appreciable amount. The consequent response to dynamic excitation 
will accordingly be affected by this, resulting in a different response behaviour than that 
observed in a structural member without a joint.
The numerical analysis undertaken assesses the influence the rotational free play has on 
the dynamic behaviour of the structural member in a deployed position. Using finite element 
techniques, the characteristic response is obtained according to free vibration and steady state 
excitation. The investigation considers the degree of rotational free play expressed by the joint 
along with the effects of boundary restraints and magnitude of excitation.
The numerical analysis also examines the joint incorporated into a skeletal truss 
framework. The truss considered closely resembles the deployable concepts currently under 
investigation for large space structures. A number of joints are incorporated into the truss with 
the primary aim of evaluating their influence on the dynamics of the larger structures. The 
response acquired from steady state excitation is correspondingly compared with a truss of 
similar form that includes no joints.
95
Throughout the numerical analysis, damping associated with the joint is disregarded as 
the system is assumed to be energy conservative.
4.2 Finite Element Description
During recent years the finite element technique has developed into a powerful tool for 
the numerical solution of structural analysis problems. One of the prime advantages is the 
versatility to which the principle ideas behind the technique can be adapted in order to solve a 
comprehensive range of structural problems. In particular, the field of dynamics has provided 
an area of interest with problems encountered in almost all regions of structural concern. The 
techniques now available cover linear and nonlinear structural behaviour using multifaceted 
loading methods. However, sometimes it is not possible to undertake an experimental analysis 
because of the complexity of the system and under this case there must be a great reliance on 
the accuracy of the numerical model.
The essential principles behind the finite element method involve the discretisation of a 
structure into an assemblage of elements and nodes. This forms a mathematical model which 
approximates the continuous nature of the structure by introducing a discrete number of degrees 
of freedom. With the appropriate definition of the geometric and material properties assigned, 
the unknowns are numerically solved from the corresponding set of algebraic equations.
The overall technique is well documented and will not be presented. The more 
advanced features associated with the numerical study undertaken, however, will be discussed 
and profiled, though the detailed mathematical derivations concerning their numerical 
application will be excluded.
4.3 Numerical Modelling
Analysis of the dynamic behaviour associated with the energy loaded joint was assessed 
according to its inclusion in a single truss member. Thus the numerical model constituted a 2m 
structural member which exhibited similar properties to those expressed by the structural 
elements of a proposed skeletal truss framework. Incorporated at the centre of the member lies
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the proposed energy loaded joint where its location is akin to the positioning of the joints in the 
top and bottom layers of a proposed deployable tetrahedral truss.
Throughout the investigation, the joint was considered to be orientated in the deployed 
position. With the effects of stowage dynamics not under consideration this facilitated the 
exclusion of the spring from the numerical model as it was thought that this particular 
component contributed no effect to the overall dynamic performance. The subsequent numerical 
model is illustrated in figure 4.1, where the double pivoting nature of the link plate has been 
approximated to that of a single pin.
4.4 Choice of Finite Element Method
Throughout the numerical investigation, the commercially available finite element 
software package ’ABAQUS’ was employed. Although similar packages were obtainable, 
ABAQUS was chosen owing to the nature of the solution techniques and finite elements 
offered. A detailed study of the solution methods available in both LUSAS and ABAQUS 
software packages revealed ABAQUS to possess numerical algorithms that were particularly 
suitable for the type of structural problem under investigation.
Analysis procedures currently offered by finite element packages to solve structural 
dynamic problems cover a wide range of both linear and nonlinear types of behaviour. Owing 
to the free rotational play exhibited by the energy loaded joint, the stiffness becomes dependent 
on displacement and the numerical problem thus requires the implementation of a nonlinear 
technique. The methods employed by finite element packages to solve nonlinear structural 
dynamic problems fall into the category of direct time integration. Here, the equations of 
motion are numerically integrated in a step by step procedure with respect to finite intervals of 
time. Each interval accommodates initial conditions that describe the state of the model from 
the previous time step. By successively integrating the equations over a long period of time, a 
complete time history of the motion can be determined.
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The equations of motion are defined by;
M B  + [CJM + M W  = {«“ •} <4 -1>
where,
dxx  = —  
dt
d 2X
X  =  ----------
dV
and [M] contains the structural mass matrix, [C], the structural damping matrix, and [K] the 
structural stiffness matrix. The {Rext} matrix defines the external load vector acting on the 
structure.
The presence of free rotational play within the joint implies the stiffness matrix to 
become a function of displacement. The stiffness matrix is therefore usually represented by an 
internal force vector, {Rbt}, which is assembled from individual element force vectors at a 
specific time. This enables the stiffness matrix to be compiled at the beginning of each step 
according to the state of the model at the end of the proceeding time interval.
The direct time integration algorithms employ a finite difference approximation to 
replace the derivatives of time. The vectors of dx/dt and d2x/dt2 are replaced by differences of 
displacement at various intervals of time. Although numerous methods for representing these 
derivatives by finite difference approximations have been developed, their use is strongly 
dependent on the nature of the problem.
The difference approximations are generally classified as either explicit or implicit. The 
difference between the two lies in the neighbouring time steps that are considered in the 
solution procedure. Explicit methods evaluate the displacement of the next time interval solely 
due to the displacement obtained from past time steps. The implicit methods, however, require 
knowledge of the displacement at the next time increment as well as past time steps in order to 
establish the displacement. This is an unknown quantity but one which is overcome by initially
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estimating the displacement. The error of this estimate is subsequently reduced by adjusting the 
value according to past results until the required convergence criteria are met.
Owing to this difference between the two types of method, the explicit and implicit 
integration algorithms exhibit significantly different properties. The primary feature of explicit 
schemes is their conditional stability. In order to prevent the solution procedure diverging or 
introducing high frequency oscillations, the time interval must be smaller than a critical value. 
This critical value is dependent on the nature of the finite element mesh and the ability of the 
model to describe high frequency motions. Typically, in order to achieve stability, the time step 
should be smaller than the time period of the highest frequency component which the finite 
element mesh can describe. For this reason, explicit schemes are used in problems in which the 
high frequency response is required, such as problems involving the study of wave propagation 
from blast or impulsive loading. The implicit schemes, however, remove this constraint as they 
exhibit unconditional stability. Thus the time step may be selected according to the highest 
frequency of interest, which for structures dominated by low frequencies, may be substantially 
larger than the critical time step required for the explicit procedures. While this may result in 
substantial economy, a drawback with implicit schemes involves their requirement to invert the 
stiffness matrix for each time step. Although this is a condition not necessary with explicit 
schemes, the large time step feature is particularly advantageous to the evaluation of low 
frequencies, which describe long time periods and, inevitably, long time durations of analysis. 
Thus, structural problems which are governed by inertial conditions are more efficiently solved 
using the implicit algorithms.
As mentioned previously, the derivatives of time in the equation of motion are 
represented by a polynomial expression which defines the relationship of displacement at 
neighbouring time steps; this is used in the explicit and implicit schemes described above. The 
order of this polynomial expression primarily depends on the accuracy required to represent the 
derivatives. With a first order polynomial, only first order derivatives may be derived. 
Consequently, a second order polynomial is required in order to represent the acceleration in 
terms of displacement. The second order polynomial expression is fitted through the 
displacements at three consecutive time intervals. The velocity and acceleration are 
subsequently found by taking the first and second derivatives of this expression. Due to the 
requirement that a second order polynomial be fitted through three consecutive time intervals, 
the expression is sometimes referred to as a three point recursive algorithm. By using four
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consecutive time intervals the accuracy may be increased with a third order polynomial to 
represent the derivatives of time, and this is sometimes called a four point recursive algorithm.
Various integration methods have been developed from the combination of explicit and 
implicit schemes along with second and third order polynomial expressions. Besides the theory 
manuals that cover finite element software packages, many good texts describe the methods in 
detail and therefore the individual attributes of each will not be discussed (Zienkiewicz, 1983; 
Cook et al., 1989; Bert and Strickien, 1988; ABAQUS, 1989; LUSAS, 1989)
With respect to the finite element codes LUSAS and ABAQUS, both explicit and 
implicit integration schemes are offered. LUSAS contains a general purpose algorithm for both 
three point and four point methods, derived using a weighted residual approach. By selecting 
appropriate values for the weighting functions many of the commonly used schemes may be 
obtained. ABAQUS, however, employs specific explicit and implicit schemes. The central 
difference method is used as the explicit scheme which employs a second order polynomial 
expression. The implicit scheme used is that developed by Hilber, Hughes and Taylor, 1977, 
based on a third order polynomial expression.
The structural problem under investigation is one in which the low frequency response 
is of particular interest. Accordingly, an implicit scheme is employed to study the behaviour of 
the structure over a long period of time. Although LUSAS offers a number of different 
schemes to achieve this, the presence of geometrical nonlinearity within the model restricts this 
choice to those derived from the three point recursive algorithm. Thus while ABAQUS uses the 
Hilber, Hughes, Taylor scheme based on a third order polynomial expression, LUSAS uses the 
Newmark algorithm which is based on a second order polynomial. The Newmark method, with 
the correct choice of weighting functions, represents the trapezoidal scheme and the difference 
between this and the Hilber, Hughes, Taylor scheme has significant repercussions.
Finite element modelling of the free rotational play exhibited by the energy loaded 
joint, involves the implementation of elements which suitably describe the contact / separation 
phenomenon as the collar hits the structural member during vibration. These elements need to 
express a bilinear stiffness property such that a very low stiffness is present when the collar is 
effectively separate from the structural member but very high when the collar has made 
contact. A detailed explanation of the finite element mesh and how these elements are
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connected to the sliding collar and structural member, is presented in section 4.5. However, as 
the numerical integration proceeds, these elements will effectively represent the collar hitting 
and separating from the structural member by introducing large changes in the stiffness. Such 
large changes inevitably introduce numerical noise since the large time steps of the implicit 
integration scheme do not allow the higher frequencies to be represented exactly. This 
numerical noise is undesirable as it dominates the solution leading to inaccurate results. An 
example is given in figure 4.2 which shows how the solution degenerates. Initially, the solution 
procedure calculates the inertial response of the structural member describing a constant 
velocity component that represents the motion due to the mechanism and a superimposed 
sinusoidal waveform which denotes the higher vibration modes. As the maximum displacement 
is approached, however, the collar progressively interacts with the structural member and the 
solution deteriorates into high frequency noise.
By varying the weighting functions in the Newmark algorithm within LUSAS, it is 
possible to generate artificial damping which will effectively suppress the high frequency 
numerical noise. However, by introducing artificial damping, the accuracy of the solution is 
reduced to first order and the possibility of introducing amplitude and period errors arises as 
shown in figure 4.3. To reduce the degree of numerical noise occurring in the solution, the 
large change in stiffness could be decreased. In reducing the stiffness, however, a softening of 
the contact between the two bodies will occur thus leading to further amplitude and period 
errors. A further measure which may assist in reducing numerical noise is to reduce the time 
step, though this will need to be significant in order to account for the high frequency nature of 
the noise This will therefore increase the computational cost substantially.
The problem of numerical noise being introduced into the solution is addressed by other 
implicit algorithms. In particular, the Hilber, Hughes, Taylor algorithm used by ABAQUS is 
one which offers substantial improvements over the Newmark algorithm. Sometimes referred to 
as the "a-method", artificial damping is introduced while retaining the second order accuracy 
of the solution. In addition, the algorithm introduces damping over a sharper range of 
frequencies, such that the high frequencies are effectively damped while the lower frequencies 
remain unaffected.
Besides offering a direct time integration procedure more appropriate to the structural 
problem under investigation, ABAQUS also incorporates other features of particular interest.
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The solution scheme is accompanied by a separate intermittent contact / separation algorithm 
which accommodates sudden impacts between two bodies. The algorithm observes the principle 
of conservation of momentum and consequently views the contact with a sudden change in 
velocity rather than stiffness. On contact, the two bodies are assumed to be perfectly plastic and 
both acquire the same velocity after impact. Special gap elements are provided to monitor the 
separation of the two bodies with their respective displacements assessed during the time 
stepping integration procedure. Should contact have occurred, the time of impact is linearly 
interpolated from the displacements at the beginning and end of the time step. This time of 
impact then becomes the start time of the next step although before the integration procedure is 
resumed, initial conditions are applied according to the contact algorithm. Thus immediately 
after impact, the two bodies acquire a jump in velocity and an initial acceleration. Although 
prior to contact the two bodies move independently of one another, after impact the bodies 
move as one and the transfer of force is allowed to occur between them. Separation 
subsequently occurs when a negative force is recorded. The time of this event is estimated in a 
similar manner to that of contact, except force is used instead of displacement.
In addition to the contact / separation algorithm, and the gap elements, ABAQUS 
employs an automatic time stepping procedure. This is particularly useful in the event of impact 
as not only does the time step need to be altered in order to estimate the time of contact, or 
separation, but the sudden introduction of numerical noise from the initial accelerations requires 
a reduction in the time step for the solution to meet convergence criteria. Conversely, during 
intervals of time when no impact occurs, the time step may be increased. This capability to 
adjust the time step according to the state of the model substantially increases the efficiency of 
the solution process while retaining the necessary accuracy.
Although ABAQUS possesses the ability to accurately model the impact phenomenon, 
the specific attributes of the time integration procedure suggested this finite element package 
was more appropriate to solving the structural problem under investigation. Therefore, 
throughout this study ABAQUS was employed to investigate the structural performance of the 
energy loaded joint under dynamic loading.
The solution procedure employed to obtain the dynamic response of the linear 
numerical models was that based on the classical eigenvalue problem. The analysis extracts the 
natural frequencies and corresponding deformed shapes from the system parameters defined by
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the structure under consideration. The numerical extraction technique employed by ABAQUS, 
incorporates the subspace iteration method to enhance the economy of the solution. This is 
especially advantageous when the required number of eigenvalues are significantly less that 
those available. The method effectively reduces the mass and stiffness matrices according to a 
set of base vectors, the size of which are dependent on the number of required eigenvalues.
The solution is thus performed on the reduced mass and stiffness matrices applying the 
Householder method with quarter rotation. The Householder method initially transforms the 
eigenproblem into one with tridiagonal matrices which are subsequently solved by the quarter 
rotation method. Having obtained the eigenvalues ,the eigenvectors are consequently computed 
in the reduced space and transformed back into the full structural space of the model. Where 
appropriate, the models were compared with analytical calculations to determine the accuracy 
of the solution.
4.5 Finite Element Mesh
Generally, the model was formed using three dimensional beam elements where only 
motion in the most flexible direction of the joint was considered, that relative to the folding 
plane of the structural member. The elements are formulated based on the Timoshenko beam 
theory (Abaqus, 1989) which facilitate the inclusion of transverse shear effects and rotary 
inertia during vibration. Their formulation undertake several assumptions about performance 
under motion. It is assumed that the treatment of shear effects through the section conformed to 
a linear elastic response, independent of the axial force and bending moment response. In 
addition the geometric cross section was assumed not to deform during the analysis. Such 
considerations give rise to a global structural response which does not consider local 
deformation effects along the length of the structural member. Interpolation of the displacement 
response along the centroidal axis of the beam, employed a quadratic scheme involving a 
polynomial function that defines a parabola in form. Overall, the elements were used to 
construct the numerical model representing the structural member components along with the 
fitting components and sliding collar.
In order to model the interaction between the collar and the fitting components (upon 
which it rests in the deployed position), geometric nonlinear elements were employed. These 
elements, known as ’gap’ elements, are capable of representing the clearance property exhibited
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within the joint where the internal surface of the collar is marginally greater than the external 
surface of the fitting components. While the two surfaces are separated, the gap is considered 
open. As the specified gap distance, or clearance, becomes breached, the gap is judged to be 
closed and a rigid connection between the two surfaces then ensues. The elements facilitate the 
connection of the two bodies concerned which are modelled as separate entities but with 
coincident nodal coordinates. Schematically, this configuration is illustrated in figure 4.1(a), 
where the gap elements connecting two coincident nodes, are monitored for their respective 
relative separation in three dimensions. The specified gap distance is therefore comparable to 
the corresponding separation of the centroidal axis of the two bodies rather than directly 
monitoring the surface condition.
While the use of gap elements provide an accurate model of the contact separation 
phenomenon associated with the interaction of the collar and fitting components, a simpler 
approach may be undertaken with the use of geometrically nonlinear springs. Representation of 
the joint in this manner is accomplished with the use of a single rotational spring at the pivot 
point of the structural member, schematically shown in figure 4.1(b). Definition of the 
corresponding moment stiffness can be customised to incorporate low stiffness and high 
stiffness regions associated with the corresponding states of interaction. Notably where 
separation of the collar from the fitting components facilitates unopposed rotational movement, 
a low stiffness is defined. Where full contact of the collar with the structural member prevents 
free rotational movement, a high stiffness is specified. The corresponding moment stiffness 
curve thus takes on a bilinear form such as that illustrated in figure 4.4. Typically, the value of 
theta at which the stiffness transforms is dependent on the gap size under consideration in 
conjunction with the length of the collar. The stiffness associated with the free rotational 
motion, while theoretically zero, is given a small value in order to avoid numerical problems. 
The stiffness associated with full contact, however, is specified according to the flexural 
stiffness of the collar. These two conditions were considered to be symmetric about the origin 
of rest and thus efforts were made to ensure that the location of the spring along with the 
specification of stiffness terms possessed the required congruity.
Employing rotational spring elements to portray the rotational behaviour of the 
structural member enabled the collar component to be removed from the numerical model. 
However, the mass associated with the collar was accordingly distributed along the appropriate 
length of the joint such that its affect on the dynamic performance of the structural member is
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taken into consideration. The beam elements used to form the structural components in this 
model, can, by virtue of the in plane sense of the rotational spring, be reduced to those which 
exhibit two dimensional behaviour. Such a feature simplifies the computational process without 
imposing any major assumptions over the performance with respect to the method employing 
gap elements.
Study of the single structural member incorporating the more complex gap elements, 
utilised a finite element mesh presented in figure 4.5(a). In all, three gap elements were 
employed, monitoring the relative separation of the respective two nodes involved at each 
element. Three elements were thought sufficient to accurately model the response of the 
interaction since during vibration only three points of contact were expected to be made 
between the two components. These are located at the central pivot point and the two ends of 
the collar conforming to the anticipated deformation profile in figure 4.5(b).
The finite element mesh considered for use with the geometrically nonlinear spring 
element, is illustrated in figure 4.6. The rotational spring, while not immediately located at the 
pivot point, is positioned symmetrically about this point thereby guaranteeing the application of 
equal force to the two structural member halves. As previously mentioned, the mesh associated 
with the collar is no longer required and consequently it is removed, but the appropriate mass 
is located on the fitting components.
The two numerical models so described, incorporated constraint conditions comparable 
to those that would be experienced by the structural member in a truss framework. Simple 
supports were therefore provided such that although translation in the flexible direction is 
prevented, rotation about the out of plane axis is permitted. In addition, translational movement 
in the axial sense is also permitted, thereby accommodating the anticipated large in plane 
displacements due to the joint mechanism.
A study of the plane truss involved a finite element mesh that constituted a number of 
the above jointed single structural members. Figure 4.7, highlights their configuration in which 
a triangulated plane truss, 18 bays long is produced, with an overall longitudinal dimension of 
36m. Due to their simpler form, nonlinear rotational springs were utilised for the joints shown. 
The joints were located in similar positions to those anticipated for the full three dimensional 
tetrahedral trusses where their combined effect folds the truss in a concertina fashion.
105
Therefore, the mid point of the top and bottom members of the truss, A and B in figure 4.7, 
possessed a nonlinear spring and pivot point in addition to the end points of each structural 
member, C and D in figure 4.7, before they intersect at a node of the truss. No external 
constraints were associated with the truss and consequently the study considered a free 
environment. Such a condition therefore ultimately resembles the zero g nature of the space 
environment to which trusses of this form will eventually be subjected.
Structural properties associated with the numerical models considered geometric 
attributes according to the currently proposed dimensions of the truss elements. These envisage 
tubular section member sizes of 25mm outside diameter with a 2mm wall thickness throughout. 
Dimensions associated with the fitting components are presented in figure 4.8, with the sliding 
collar taking on the same size as that of the structural member.
The high technology thermoplastic material for space applications was considered for 
this investigation. In particular, properties exhibited by the carbon fibre reinforced 
polyethersulphone, CPES, were used. Although such a material possesses properties highly 
dependent on the manufacturing process, the effects of fibre orientation were compromised by 
taking an isotropic modulus to describe the material behaviour (O’Neill, 1989, Hollaway and 
Thorne, 1987). According to O’Neill, 1989, the simplified material model results in a 
performance which predicts the natural frequencies of a beam model to within 5% of the 
orthotropic composite. A modulus of elasticity of 58.0 GN/m2 was used with a Poisson’s ratio 
of 0.38. The mass density of the graphite reinforced composite was recorded at 1382 Kg/m3. 
Effects of fibre breakage, matrix plasticity and failure strength of the material were not taken 
into account as the material was considered to exhibited a linear behaviour for all loading 
cases. These assumptions were thought justifiable as the numerical study was aimed primarily 
at the influence imposed on the response by geometric effects. The study is therefore viewed as 
a qualitative assessment of the response behaviour rather than the evaluation of the quantitative 
performance of the joint incorporated into a structural member and truss framework.
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4.6 Objectives
The objectives outlined for the numerical study evaluate the dynamic characteristics 
expressed by the energy loaded joint in a qualitative manner. Initially, several influential 
features are investigated primarily concerned with the fabrication of the joint at the centre of a 
two metre structural member. The properties considered encompass the effects of gap size, 
excitation force, and the influence of end constraints. Following on from this assessment of 
joint attributes and the consequent effect on the dynamic performance of a single structural 
member, an appraisal on their overall effect within a large skeletal truss is performed. In an 
attempt to assess their significance on the dynamics of large space structures, a number of 
jointed members are incorporated into the truss with the ensuing response compared to the 
original structure.
Evaluation of the implications associated with the gap size, excitation force and end 
constraints, employed the finite element model of the single, two metre structural member. The 
variation of gap size was instigated through the appropriate specification of gap clearance for 
the elements involved. The analysis considered a broad range of gap sizes, covering, 0.5mm, 
0.2mm, 0.1mm, 0.08mm, and no gap. The analysis of no gap, however, was not possible with 
the use of gap elements owing to the instability of the solution procedure. For this particular 
condition, therefore, the gap elements were removed and the nodes associated with the collar 
and structural member joined as one. Indeed, as the gap size is reduced, the solution procedure 
becomes increasingly unstable with problems in attaining the required convergence. Although 
the magnitude of excitation force will influence this, it was found that the assessment of gap 
sizes smaller than 0.08mm was not feasibly possible.
The nature of the excitation force applied to the structural member in order to induce 
the resonant frequencies, involved the application of an impulse load. Used throughout the 
analysis, the impulse load enforces a condition of free vibrational response which encompasses 
all the resonant frequencies expressed by the structural member. The upper limit to this, 
however, is ultimately determined by the frequency content inherently expressed by the impulse 
of force. Should the required frequencies fall outside of this region, then the response will not 
exhibit their presence. Notably the frequency content of the impulse load is a function of the 
time duration for which the impulse is defined. Characteristically, as the time span becomes 
shorter the frequency content increases. Therefore, in order to ensure the required frequency
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range was excited, the frequency content of the specified impulse loading was initially 
examined. The time duration was accordingly adjusted such that the first three resonant modes 
were adequately covered. By subsequent adjustment of the magnitude of impulse load, the 
appraisal concerning the influence of excitation force on the dynamic behaviour of the 
structural member could be undertaken. Force values of, ION, 12N, 15N, 25N, were thus 
considered in the analysis.
Assessment of the effects the end constraints impose on the dynamic behaviour of the 
structural member, judged two differing types of support condition. In general, the response 
was sought with both ends of the structural member continually restrained in the vertical, 
loaded direction with the rotational degree of freedom unrestrained. The constraint condition in 
the axial direction, however, was varied, as the analysis considered this direction to be both 
unrestrained and frilly constrained. While it was thought that a member within the bounds of a 
three dimensional truss would be influenced by a complex constraint condition, inevitably 
influenced by the surrounding structural members, the independent analyses performed with the 
two conditions mentioned provides a simplified insight into this aspect.
In addition to the above parameter study performed on the structural member 
incorporating nonlinear gap elements, a comparison was undertaken with the simpler, nonlinear 
spring elements. This was thought necessary in order to assess the accuracy expressed by the 
spring elements owing to their involvement within the larger, skeletal truss model. The analysis 
considers all parameters equivalent, with a gap size of 0.1mm.
An appraisal was also conducted involving the single jointed structural member in an 
environment similar to that invoked on the larger plane truss. The study therefore assessed the 
member in a free, unrestrained condition with an excitation force describing a sinusoidal 
waveform. Conducting the analysis with a consistent gap size of 0.1mm, the frequency and 
amplitude of the steady state excitation was varied, capturing the response according to the 
harmonic waveform. Despite giving a constructive insight into the performance of a jointed 
structural member under steady state excitation, the results from the analyses contributed useful 
information with respect to the implementation of a similar study involving the truss 
framework.
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Incorporation of nonlinear rotational springs into the plane truss, enabled an appraisal 
to be conducted concerning the effects to which joints would influence the dynamic 
performance of large structures. The truss, considered in a free, unrestrained environment, 
was excited under sinusoidal steady state conditions with joints specified to possess a gap size 
of 0.1mm throughout the investigation. The frequency range of excitation encompassed the first 
resonant mode of the corresponding truss with no joints, since particular interest was expressed 
in the characteristic global deformation associated with this mode. A comparison was thus 
made between the linear and nonlinear forms of truss in order to evaluate the overall effect that 
the flexible joints impose on this type of dynamic performance exhibited by the larger skeletal 
trusses.
4.7 Evaluation of Results
The transient response obtained from the solution procedure related the corresponding 
motion of the structural member as a function of time. The response recorded under the action 
of a sinusoidal excitation force would give rise to frequency components dependent on the 
frequency of the forcing waveform. The corresponding frequency domain representation of the 
dynamic response could thus be constructed by assessing the amplitude of motion at various 
frequencies of excitation. In contrast to this, the response obtained from the action of an 
impulse load on the structural member would result in a time domain response that possessed 
numerous frequency components. In order to construct the corresponding frequency domain 
representation of the response it is necessary to distinguish which components constitute the 
transient waveform. A numerical algorithm, known as the Fast Fourier Transform (FFT) 
effectively achieves this by transforming the data from the time domain into the frequency 
domain. Based on the fundamentals of the Fourier integral (Brigham, 1988), the algorithm 
identifies the differing harmonics that combine to form the time domain response. 
Mathematically, the Fourier integral is defined as;
(4.2)
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Where the function of time, x(t), becomes a function of frequency, X(f), provided the 
integral exists for every value of the parameter frequency, f. X(f) is consequently defined as 
the Fourier transform of x(t) and is sometimes known as the continuous Fourier transform. In 
order to develop this relationship for application to numerical computation, the Fourier integral 
is adapted to manage a finite length waveform, discrete in nature. This discrete Fourier 
transform consequently gives rise to the FFT which is effectively a computational algorithm 
designed to calculate the discrete Fourier transform in a more rapid manner than other available 
algorithms.
It is important to note that implementation of the algorithm results in no data loss. The 
only difference between the two domains is in their manner of presentation. Figure 4.9, clearly 
illustrates this concept in a three dimensional sense. While the data appears as a continuous 
waveform in the time domain, the frequency domain will highlight the harmonic components as 
single, discrete peaks. The corresponding magnitude of the peaks will depend primarily on 
their respective contribution within the transient waveform.
The FFT computational algorithm implemented during the work is one based on a 
version presented by Brigham, 1986. However, prior to its application on the data obtained 
from the numerical analysis, several numerical preconditioning techniques needed to be 
employed.
Initially, the transient waveform was manipulated to produce a time history response 
with constant time increments, an essential requirement of the technique. Due to the automatic 
time stepping algorithm used within the solution procedure, large differences exist in the time 
step between successive data points. To correct this, the data was sampled using linear 
interpolation with a time step small enough to avoid the problem of ’aliasing’. Potentially, 
aliasing can be a problem with respect to any sampled waveform. It is characterised by the 
inability to distinguish the frequency of the sinusoid that the sampled data values represent and 
therefore it gives rise to an inaccurate estimate. The problem therefore arises because of the 
incorrect choice of sampling interval.
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In order to account for the frequency components of interest a sampling interval of;
(4.3)
where f  is the highest frequency component of interest.
The resulting transient response, composed of constantly discretised data samples, 
required further manipulation concerning the abrupt termination of the waveform at the end of 
the analysis. It is noted that the truncation of any waveform in the time domain leads to 
unacceptable approximations of the associated continuous waveform. The result is that a 
number of harmonics are closely identified with the frequency of the waveform which when 
combined will summate to represent the truncation in the time history. The effect these have on 
the form of the frequency domain is to spread the base of the peaks, introducing a series of 
’sidelobes’. These sidelobes are peaks that represent the additional harmonics required to 
portray the truncation of the transient waveform. The feature is termed ’leakage’ and is an 
inherent problem in the discrete Fourier transform because of the finite length duration of the 
time domain. Techniques employed to reduce the undesired effects of time domain truncation 
utilise data weighting functions, or ’windows’. By applying an appropriate function to the 
amplitude of response, the waveform at the boundaries of the time domain can be reduced to 
zero whilst maintaining an undisturbed magnitude at the centre. The truncation is consequently 
nullified with the effect of significantly reducing the presence of sidelobes in the frequency 
domain representation of the waveform. For ease of application, a window based on the 
Hanning function was applied to the constantly discretised numerical data. The function is 
mathematically described by;
and correspondingly illustrated in figure 4.10. Although the weighting function improves the 
leakage, its application produces an undesirable effect on the shape of the resonant peak. It is 
noted that in general most weighting functions generate a smearing of the FFT, producing a 
broader resonant peak. The outcome is to decrease the frequency resolution of the FFT,
(4.4)
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reducing the capability to distinguish between closely spaced peaks. In some instances the trade 
off between leakage and resolution will require some careful consideration, although with 
respect to the dynamic behaviour of the structural member, the frequencies were considered to 
be sufficiently far apart to warrant the application of the weighting function without concern.
A final amendment performed on the numerical transient data involved increasing the 
duration of the time domain to improve the graphical resolution of the corresponding FFT. 
Since no new information is available to increase the length of the time record, the weighted 
response was accordingly appended with data samples, zero in value. It is important to note, 
however, that increasing the duration of the time record in this manner has no bearing on the 
frequency resolution of the FFT. This is primarily determined by the time duration associated 
with the weighted response. Typically, a waveform of short time duration will result in a 
frequency peak that is broad in nature, possibly concealing neighbouring frequencies which are 
nearby. A waveform that occupies a relatively long time record, however, will produce peaks 
in the frequency domain that are narrower in form, consequently, giving rise to the capability 
of distinguishing between closely spaced peaks. Therefore, in order to enhance the frequency 
resolving power of the FFT, the corresponding time duration of the transient waveform 
requires expanding. The action of appending zeros consequently has no effect on the frequency 
resolution but merely yields a greater number of data samples in the frequency domain that are 
more closely spaced. This correspondingly dictates the accuracy associated with the location of 
the peaks in the frequency domain.
Having accomplished the above modifications to the transient waveform, the 
computational program depicting the FFT was subsequently employed. The resulting graphical 
plot of amplitude against frequency illustrates a series of peaks corresponding to those 
harmonics that combine to represent the response history of the structural member.
112
4.8 Results and Discussion
4.8.1 Presentation
The presentation of results accompanies a detailed discussion concerning the 
observations and findings attributed to each of the numerical models analyzed. Initially, results 
are presented for the analysis concerning the single structural member incorporating the 
parameter study previously mentioned. Results are then presented concerning the comparison of 
different methods available to represent the characteristics of the joint. Following the ensuing 
steady state analysis of the single structural member, results are presented and discussed 
concerning the influence of a large number of joints within a truss framework. Concluding 
remarks are drawn at the end of the chapter, commenting on the findings of the numerical 
investigation with respect to the dynamic behaviour of the joint.
4.8.2 Mode Shapes of a Jointed Structural Member
The mode shapes obtained from an eigenvalue extraction performed on a jointed 
structural member are presented in figures 4.11 through to 4.13. The corresponding mode 
shapes associated with the continuous member are superimposed in order to highlight the 
degree of distortion the pinned connection introduces. From the figures, it can be seen that the 
first and third vibration modes are particularly influenced by the connection with the second 
mode shape remaining unaffected.
The location of the connection at the mid length of the member coincides with a region 
of large deformation generated within the first and third vibration modes of the continuous 
member. Consequently the introduction of a pivot point at this position will inevitably instigate 
a large influence on the deformation behaviour associated with the mode. In particular, the 
bending associated with the first mode is completely eliminated, as the pivot point essentially 
creates a structural mechanism. The third mode is observed to be similarly affected, as the 
pinned connection removes a significant proportion of the bending within the neighbouring 
region. With consideration of the second mode, however, the pinned connection is located at a 
nodal point of vibration and accordingly will not influence the dynamic performance.
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The results highlight that the properties associated with the flexible nature of the energy 
loaded joint will not be expected to influence the second mode of vibration as much as would 
be expected for the first and third modes. Consequently, the findings suggest that due to the 
location of the joint it can be presupposed that the properties of the joint will heavily influence 
the odd modes expressed by the structural member, whereas, the even modes will remain 
unaffected.
Owing to the nature of the numerical model, the eigenvalues associated with the mode 
shapes should be regarded with caution. The numerical model incorporates a linear torsional 
spring at the pinned connection which exhibits a low stiffness in order to enhance the modal 
shapes and avoid numerical problems associated with the pinned connection. The response of 
the pinned beam is therefore unrelated to the incorporation of the energy loaded joint, which 
primarily exhibits a nonlinear behaviour.
Bowden and Dugundji, 1990, present a similar analysis involving the representation of 
flexible joints by low stiffness torsional springs. Their work considers three joints within in a 
single structural beam examined in the free, unconstrained environment. The eigenvectors 
obtained compare well with those presented in figures 4.11 through to 4.13, although the 
presence of two extra joints undoubtedly affect the mode shapes in different ways.
The authors present a joint participation factor which effectively assesses the degree to 
which the joints participate in the flexural behaviour of the mode shape. Based on a geometrical 
comparison, the factor considers the corresponding mode shapes of the continuous beam with 
that of the jointed beam in a statistical manner. The corresponding influence of each of the 
joints throughout the beam is summated giving rise to an overall measure of the joints effect on 
a particular mode shape. The joint participation factor is described as;
(4.5)
where N indicates the number of joints present in the model and <j> the wavelength of the 
appropriate full sine wave which the mode shape approximately describes.
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Applied to the two metre structural member under consideration, the statistical formula 
generates a participation factor of one for the first mode shape. The second mode shape records 
a participation of zero, due to the location of the pinned connection at a nodal point of 
vibration. The corresponding participation factor associated with the third mode reduces from 
that observed for the first mode, primarily a consequence of the shorter wavelength that the 
third mode depicts in the continuous beam. Following on from this, the participation associated 
with the higher odd modes will continue to decrease as the bending wavelength proceeds to 
shorten. Consequently, the structural member will be significantly influenced by the properties 
of the joint at the first resonant frequency, diminishing in prominence as the higher modes are 
considered. For the even modes, however, the joint will not impose any adverse affects on the 
overall dynamic performance of the structural member, as their participation remains zero 
throughout the range of modes.
4.8.3 Comparison of Solution Procedures
Prior to the evaluation of the dynamic performance surrounding the participation of the 
nonlinear joint model, an assessment of the applied solution procedures was undertaken. As 
previously described in some detail, the numerical process adopted to determine the 
characteristic frequencies, involves the application of an implicit time integration operator, 
followed by the subsequent implementation of a numerical FFT algorithm. In order to assess 
the validity of this approach, the frequencies obtained for a single structural member without a 
joint, are compared with the techniques of eigenvalue extraction and analytical calculations.
The results are presented in table 4.1.
The analytical equations used to extract the natural frequencies of a single member are 
based on simple beam theory which states
EI &  = -M  (4 .6)
dx2
The formulation assumes a small element of the beam to undergo insignificant rotation 
in comparison with the lateral deflection, thereby eliminating the effects of rotary inertia. In
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addition, the shear deformation are ignored by considering these to be small in relation to the 
bending deformation. The prevailing assumptions surrounding the formulation of equation 4.6 
are generally valid if the ratio between the length of the beam and its cross section is relatively 
large.
During free oscillation, the only loads acting on the beam are those generated by the 
self weight. This load intensity along the length of the beam combined with equation 4.6 gives 
rise to the simplified equation of motion,
e i = - i x  fh . (4.7)
a*4 g dt2
where the beam is considered to posses a uniform cross section. Following on from this,
0,2 = ^ ;  „4 .  £ * £  (4.8)
dt2 EI
from which the natural frequencies of vibration are found to be,
(o = n EI 
p A
(4.9)
The values of n, are obtained from the fourth order differential equation,
d*y
dx*
4-  n y = 0 (4.10)
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The general solution of equation 4.11 can be shown to be of the form,
y = Cj cosh nx + C2 sinh nx +
(4 .11)
C3 cos nx + C4 sin nx
where the C;, are constants of integration, evaluated by imposing the appropriate boundary 
conditions at the ends of the beam. Equation 4.12 correspondingly becomes reduced, giving 
rise to the determination of the values n.
4.8.4 Jointed Structural Member with Nonlinear Gap Elements
The investigation into the dynamic characteristics expressed by the jointed structural 
member initially examined the influence of gap size. Table 4.2, summarises the results, 
presenting the lowest three frequencies according to a consistent impulse force. The end 
conditions imposed throughout the investigation enabled axial displacements to occur relative to 
the amplitude of lateral deformation.
The frequencies presented in table 4.2, indicate that as the gap size is increased, the 
resonant frequency associated with the first and third modes correspondingly reduces. In 
contrast, the resonant frequency of the second mode remains unaltered irrespective of the gap 
size. The nature of this response complements the discussion introduced in the previous section. 
The results presented enhance the discussion concerning the joint participation within various 
structural vibration modes, highlighting how the joint affects the dynamic performance of the 
odd vibration modes without altering the response associated with the even modes.
The relationship between frequency and gap size for the first resonant mode is 
graphically illustrated in figure 4.14. The corresponding relationship for the third mode is 
similarly presented in figure 4.15. While both figures clearly illustrate the reduction in 
frequency as the gap size is increased, the corresponding trend expressed by the first resonant 
frequency appears to follow a relationship exponential in form. At small gap sizes, the resonant 
frequency becomes significantly affected should a small change in the gap size occur. In 
contrast, as the gap size enlarges, the corresponding frequencies become less sensitive to
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similar changes in the size of gap and the resonant frequency appears to reach a base level. The 
findings infer an important observation which indicates how alterations in gap size can lead to a 
profound influence on the resonant frequency when small gap sizes are considered.
. The occurrence of this feature may present an important implication on the manufacture 
process. It is thought that fabrication of the joint will involve attempts to reduce the gap size as 
far as practical, in order to sustain a high resonant frequency. In doing so, however, the 
smaller gap sizes will place a greater emphasis on the tolerances involved as small variations in 
the gap size will produce structural members of vastly differing resonant frequencies. Inclusion 
of several members within a small truss could therefore result in a complex response under 
dynamic excitation.
The above assessment of the relationship expressed by the first mode can similarly be 
applied to that of the third mode. While figure 4.15 does not clearly indicate the exponential 
trend, the results give rise to a trend similar in appearance to that of figure 4.14. In particular, 
it can be seen that the frequencies are dramatically reduced from the condition of no gap, 
reaching a base frequency at smaller gap sizes than those observed for the first mode. The 
exponential curve therefore appears to take shape at gap sizes lower than those studied. This 
could not be verified though, as the stability of the solution procedure deteriorates at the 
smaller gap sizes.
The degree by which the resonant frequencies of the first and third modes are 
influenced, follows the discussion concerning the joint participation factor presented in the 
previous section. This stated that the joint affects the first mode more so than the third mode. 
From this numerical analysis with gap elements, the joint is noted to influence the dynamic 
behaviour of the first mode over a broader range of gap sizes than that experienced for the 
third mode and this can be related to the maximum displacement achieved by each of the 
vibration modes. As illustrated in the previous section, the deformation of the first mode is 
purely due to the rotation at the pivot point, whereas the third mode encompasses a respectable 
amount of bending. Although the bending accounts for the reduction in the corresponding joint 
participation factor, it will also impose a restriction on the amplitude attained at the pivot point. 
Hence, the gap sizes that will influence the dynamic performance of this mode correspond to 
smaller dimensions than those for the first mode.
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Assessment of the structural response according to variations of magnitude in the 
impulse force, produces an outcome summarised in table 4.3. Sustaining a consistent gap size 
of 0.1mm throughout the analyses, an increase in the magnitude of excitation correspondingly 
gives rise to an increase in the frequency of the first resonant mode. The relationship is 
graphically portrayed in figure 4.16, highlighting a correlation that appears nonlinear in form, 
where the resonant frequency becomes less influenced by increases in the magnitude of 
excitation. A similar study performed on the structural member with no joint resulted in the 
corresponding frequencies remaining unaltered as the excitation force is varied. Although the 
amplitude of response is correspondingly affected by the magnitude of excitation, the linear 
system illustrates a frequency response that is independent of excitation.
The maximum amplitudes attained during the response are presented in figure 4.17 for 
both nonlinear and linear joint models. The graphical plot illustrates how the maximum 
amplitude attained at the various excitation levels vary with respect to the corresponding 
resonant frequency. The nonlinear model expresses a maximum amplitude response that 
describes a nonlinear relationship with frequency as the excitation force is accordingly raised. 
The trend indicates an increase in both frequency and amplitude of response although as the 
impulse forces increases the corresponding change in frequency appears to diminish. The 
behaviour exhibited by the linear model highlights a change in amplitude with no related 
change in frequency. In particular, an increase of 1.5% in the force applied generates an 
increase of 1.45% in the maximum amplitude attained. Such a correlation of the response with 
the applied force highlights the characteristic behaviour exhibited by linear structural systems.
The relationship expressed in figure 4.17 is comparable to the ’backbone curve’ 
concept used to describe the frequency response characteristics of nonlinear structural systems. 
Essentially, the backbone curve is a line drawn through the locus of peak amplitudes obtained 
from the frequency response functions. Their location gives a good indication of nonlinearity 
within the structural system. The curve exhibited by linear systems characteristically describes 
a vertical straight line, whereas the introduction of nonlinearity bends the line depending on its 
type and strength of influence. For systems which exhibit nonlinearities based on the hardening 
spring type, the curve is noted to bend to the right (Nayfeh and Mook, 1979). Similarly, for 
systems that possess a softening spring type nonlinearity, the curve tends to bend to the left. 
Should the excitation force reach a critical level, however, the curve becomes sufficiently bent 
to introduce multivalued solutions in the frequency response and a physical ’jump’ arises in the
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shape of the response. The degree of bending introduced to the frequency response peak 
ultimately depends on the type and significance of the nonlinearity. In general, though, the 
backbone curve concept is normally used as a measure of how nonlinear a structural response 
is. For the two jointed models under examination, therefore, Figure 4.17 expresses their 
respective backbone curves with the jointed model exhibiting a stiffening behaviour of the joint 
with respect to amplitude (Bowden and Dugundi, 1990). The vertical line exhibited by the joint 
with no gap classifies a linear structural system, characteristic of the numerical model.
Physical insight into the performance of the structural member during vibration may be 
gained from an observation of the respective time history responses. The acceleration response 
obtained for a gap size of 0.08mm is illustrated in figure 4.18, with the response obtained for a 
gap size of 0.1mm shown in figure 4.19, and that for a gap size of 0.2mm shown in figure 
4.20. In each case the acceleration response is observed to be very noisy with a substantial 
amount of high frequency components. As the analysis proceeds, these are observed to 
attenuate revealing an underlying sinusoidal waveform, comparatively low in frequency. The 
high frequency components, however, re-emerge after a short period of time, gradually 
increasing in intensity before ceasing abruptly to reveal the continuing low frequency sinusoidal 
waveform. This repetition of activity concerning the high frequency noise, is noted to occur 
periodically throughout each of the analysis. Their periodicity, however, is dependent on the 
size of gap under consideration where their frequency of occurrence is noted to be higher for a 
gap size of 0.08mm than with a gap size of 0.2mm.
The occurrence of the high frequency components within the acceleration transient 
waveform can be attributed to a combination of several features. Discussion of the numerical 
application procedure with regards to the intermittent contact separation algorithm mentioned 
that after the event of impact, the time increment under consideration was substantially reduced 
in order to cope with the introduction of initial conditions. This large change in the time step 
introduces numerical noise into the solution which is consequently of a high frequency nature 
(ABAQUS, 1989). Use of the implicit integration operator effectively regulates this noise since 
the algorithm incorporates a controllable amount of numerical damping. The damping 
parameter notably reduces the high frequency noise after a short period of time whilst imposing 
little effect on the lower frequencies of interest. The occurrence, therefore, of the high 
frequency components within the transient waveform is an indication of time step changes 
within the solution procedure. The degree of noise displayed within the response consequently
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highlights the activity associated with the nonlinear gap elements that describe the joint 
interaction.
The numerically generated noise, however, may not be the sole cause for the existence 
of high frequency components within the time history response. The equations governing 
impact follow the conservation of momentum with no loss of energy during the incident. They 
ensure that following the event, both contacting bodies move as one in the direction of impact 
with a corresponding initial velocity. This change in velocity gives rise to a jump in the 
acceleration which is inevitably of a high frequency nature (Hunter, 1985). Owing to the 
numerical dissipation parameter within the numerical integration scheme, this structural borne 
noise will also be effectively damped out. Should this high frequency component be of interest, 
however, the damping characteristic will be undesirable and may be overcome by changing the 
solution procedure from one of implicit nature to that of an explicit manner (Donda, 1978).
Both forms of developing high frequency components within the acceleration transient 
waveforms may be taken as a measure of impact activity associated with the gap elements.
With regards to their occurrence in the solution procedure, it can be seen that initially, at the 
beginning of the analysis, the impact activity is notably high. From close observation of the 
condition of the gap elements over the first few increments, the collar is noted to rattle 
vigorously about the structural member in, what may be considered, a ’chaotic’, unpredictable 
manner. This rattling continues for a short period of time after which it becomes abruptly 
halted. Not long after this point in time, the impacts are noted to re-emerge, as the rattling 
gradually increases in intensity before the collar once again becomes stabilised.
The periodic nature of these intense regions of impact activity can be related to the 
corresponding displacement waveforms. For a gap size of 0.08mm, the displacement history is 
presented in figure 4.21, whereas that acquired for a gap size of 0.1mm is illustrated in figure 
4.22, and for a gap size of 0.2mm, presented in figure 4.23. Comparison of these waveforms 
with their respective counterpart acceleration waveforms in figures 4.18 through to 4.20, 
highlight the activity of impacts to gather intensity just before the structural member attains 
maximum displacement in either direction. Having attained maximum displacement, the impacts 
are noted to become attenuated allowing the underlying low frequency component to 
predominately show through. The response pattern therefore implies that as the structural 
member encroaches on maximum displacement, the collar rattles with increasing vigour. This
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would tend to be a direct consequence of the decreasing clearance available between the collar 
and joint as the structural member rotates. Eventually, the structural member displaces laterally 
to such a point that this clearance is reduced to zero. Consequently, this inflicts a stabilising 
effect on the collar and suppresses the ’rattling’ characteristic, with an overall restraint being 
imposed on any further displacement. Conversely, as the structural member rebounds from the 
restraining condition, the clearance between the collar and joint will grow. The impacts will 
therefore be light and the acceleration waveform will show few high acceleration components. 
However, once the structural member moves through the position of static equilibrium the 
clearance begins to become reduced and the cycle of behaviour is repeated. Since no structural 
damping is included within the numerical model, no energy will be dissipated during the 
response. As a result, the characteristic behaviour will become periodic with time.
The displacement waveforms illustrated in figures 4.21 through to 4.23, are collated 
and compared in figure 4.24. The response expressed by each of the gap sizes generally 
highlight a low frequency that is saw tooth in form with a superimposed higher frequency, 
sinusoidal in nature. The saw tooth waveform exhibited by each of the gap sizes (except that of 
no gap) possesses a slope indicating constant velocity between the positions of maximum 
displacement. This constant velocity implies that when a gap is present, no restoring force is 
generated within the structural member to oppose motion between the maximum bounds of 
displacement. The observation is emphasized if reference is made to the forces generated within 
the structural member during the response. Figure 4.25, illustrates the frequency domain 
representation of the bending moment history, obtained when no gap is present within the joint. 
The graphical plot highlights the existence of three resonant frequencies, each corresponding to 
the vibration frequencies obtained with respect to the velocity response. A bending moment, 
therefore, is generated according to each of the resonant frequencies, highlighting the 
performance to be dependent on the flexural properties of the structural member. The 
frequency domain representation of the bending moment response obtained with a gap size of 
0.1mm, however, is illustrated in figure 4.26. Here, two frequencies are exhibited which 
constitute the profile of the transient waveform. Their respective values coincide with those of 
the second and third modes corresponding to the velocity time history. Consequently, no 
bending moment is generated within the response according to the first resonant mode. Since 
the axial force developed during the transient response is found to be negligible, due primarily 
to the type of boundary condition imposed, the dynamic performance of the first mode appears 
to be entirely related to the impacting surfaces of the joint. The response, therefore, no longer
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becomes a function of the geometric properties associated with the structural member as is the 
case when no gap exists within the joint. There must exist, however, some form of transition 
zone during which the response behaviour transforms from one dependent on the impacting 
surfaces to one which is dependent on the flexural properties of the structural member. Indeed, 
this zone may extend throughout the range of gap sizes considered as the flexural properties 
will undoubtedly influence the rebound attained after reaching maximum displacement. As the 
gap size reduces, however, it is thought that the kinetic energy becomes reduced owing to the 
tighter restraint placed on the motion. Consequently, the strain energy increases by virtue of 
the conservation of energy, giving rise to the development of flexural activity within the 
structural member.
Although the effects of damping have not been considered throughout the investigation, 
there appears to be significant potential offered by the response mechanics of the first resonant 
mode. Friction may play an important role in the suppression of vibration as the contacting 
surfaces lend scope for this to be exploited (Ferri, 1988). The surfaces associated with the 
intermittent contact of the collar and those in contact at the pivoting region of the joint combine 
to give this concept plausible thought. In addition, the damping already existing by virtue of the 
materials and fabrication process, may be enhanced with the introduction of other materials.
The concept, known as ’passive damping’, may be introduced by lining the collar with a 
suitable elastomeric material, taking advantage of the impacting nature by which the collar 
restrains the displacement of the structural member. Elastomeric materials express a high rate 
of energy dissipation and have accordingly been used in a number of damping applications 
(Prucz et al., 1986). Following on from this, the collar may be fabricated entirely from an 
elastomeric material, although the overall stiffness of the structural member will accordingly 
become affected.
Investigation into the effects the end restraints may impose on the dynamic performance 
of the jointed structural member considered the influence of movement in the axial direction. 
The response according to constraints which allow motion in the axial direction corresponding 
to the lateral displacement of the structural member, have previously been discussed. The 
corresponding response obtained with constraints that do not allow motion in the axial direction 
give rise to the resonant frequencies summarised in table 4.4. The results recorded indicate the 
influence of gap size on the dynamic performance in a similar manner to the findings of table 
4.2. Figure 4.27, gives the graphical representation of the findings of table 4.4 for the first
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resonant mode, in which a nonlinear relationship is established between the frequency and gap 
size. The dynamic performance appears to be comparable to that expressed in figure 4.14, and 
indicates the behaviour to be independent of the permissible motion in the axial direction.
The response, however, does differ with respect to the base frequency attained by the 
structural members at the larger gap sizes studied. A comparison of tables 4.2 with 4.4, shows 
that for the case in which no axial displacement is tolerated, the lowest frequency attained at 
the larger gap sizes is greater than that obtained for the case where axial movement is allowed. 
The displacement waveforms acquired from the solution procedure involving the axially fixed 
case, are presented together in figure 4.28. For the joint models that exhibit a small gap, the 
displacement describes the saw tooth response previously observed when the restraints allowed 
for axial movements. As the gap size becomes larger, however, the saw tooth nature of the 
response undergoes a transformation. The waveform takes on a greater sinusoidal appearance 
with the time history described for a gap size of 0.2mm depicting the same pattern as that for a 
gap size of 0.5mm. This therefore gives rise to the same resonant frequencies, previously 
shown by the results presented in table 4.4.
The above observation results obtained for the condition in which axial displacement is 
restrained, indicate that for the larger gap sizes, the collar no longer affects the dynamic 
performance of the structural member. It would therefore appear that a restoring force is 
generated within the structural member which is sufficient to restrain the motion before the 
collar takes effect. Owing to the nature of the imposed constraints, this restoring force is axial 
in character and a feature which is supported by an inspection of the corresponding axial force 
time history. Figure 4.29 illustrates the frequency domain representation of the axial force 
transient response obtained for a gap size of 0.1mm. A peak is noted to arise at a frequency 
twice that of the first resonant frequency obtained from the corresponding displacement time 
history. Although different in value, they arise according to the same resonant mode. The 
nature of the axial force developed is notably tensile and positive, irrespective of the sign of 
displacement. Consequently, this generates a time history response with twice the number of 
positive peaks than would be exhibited in the respective displacement or velocity response. 
Therefore, the periodic peaks express a frequency twice that of the corresponding motion. In 
addition, owing to the absence of a negative response, the frequency domain representation of 
the axial force history exhibits a 0Hz, or D.C. component. An evaluation of the frequency 
domains associated with smaller gap sizes, indicate the lack of a resonant axial force at any
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frequency within the spectrum. These findings, therefore, signify that the response of the first 
resonant mode becomes governed by the axial force generated in the structural member, 
directly related to the degree of lateral displacement.
In general, the findings highlight the dependency of the response on the type of end 
restraints being imposed. For small gap sizes, though, the dynamic performance of the 
structural member becomes predominately coupled with the characteristics exhibited by those of 
the joint. As the gap size becomes larger, the response primarily depends on the condition of 
the end restraints. The performance may subsequently be determined by the geometric 
properties of the structural member or the properties associated with the joint. Either way, the 
conditions of the end supports may be a difficult parameter to accurately assess. Inclusion of 
several jointed structural members into a large skeletal framework, will give rise to complex 
interactions from the surrounding members according to their state of deformation.
Throughout the numerical study, the performance of the jointed structural member, 
with nonlinear gap elements, produced a consistent feature associated with the respective FFT 
of the response history. Frequency domain representations of the transient response highlighted 
the occurrence of several peaks after the lowest resonant frequency whenever a gap was present 
with the joint. To illustrate this, the resonant frequencies associated with a joint possessing no 
gap are displayed in figure 4.30. Here, three peaks can be seen, each relating to the resonant 
frequencies of the structural member. Figure 4.31, however, presents the frequencies expressed 
by a joint which possesses a gap of 0.08mm. Clearly, several peaks occur after the lowest 
resonant frequency separated from any of the resonant modes previously identified. Similarly, 
the frequency domain representation for the velocity response for a gap size of 0.2mm is shown 
in figure 4.32 and also shows numerous peaks after the lowest resonant frequency. Although 
the peaks successively diminish in amplitude as the frequency increases, their occurrence alone 
indicates the structural member to possess a resonant capability at that frequency. On closer 
inspection, the frequency values of the successive peaks are seen to be related to the frequency 
of the lowest mode of vibration. In particular, the frequencies are noted to represent odd 
harmonics of the lowest frequency, accounting for the observation that the spacing between 
successive peaks for a gap size of 0.2mm is substantially lower than that found with a gap size 
of 0.08mm.
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Therefore, resonance of the structural member may occur at frequencies according to;
ft = w0
ft = 3u)0
ft = 5o )0
ft = 7 g)0
where
ft = Jt(D0 (4 .12)
and k is an odd integer.
The stimulation of resonance in a structural system at frequencies coupled to the 
fundamental one, is referred to as ’secondary’ resonance. In particular, the occurrence of 
secondary resonances at multiples of the fundamental frequency, are known as ’subharmonic’ 
resonances, whereas those which develop at fractions of the fundamental are called 
’superharmonic’ resonances.
ft = k(j)0 -  subharmonic
1 (4 .13)
ft = —co0 -  superharmonic
fc
The analysis of nonlinear systems which exhibit a stiffness term dependent on the cube 
of displacement, express an equation of motion in the form;
Mx + Cx + K(x + ax3) = F(t) <4 -14)
in which a describes the type and significance of the nonlinear function. The equation is 
commonly referred to as ’Duffing’s’ equation since it was Duffing who extensively studied this 
type of behaviour and laid the foundations for systems governed by nonlinear terms. The 
stiffness relationship expressed by equation 4.14, is illustrated in figure 4.33, for differing 
values of the parameter a. The structural behaviour may consequently be correlated with that
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of a hardening or softening type spring. The introduction of the nonlinear term into the 
equation of motion characteristically influences the features associated with the frequency 
response. As previously discussed, the peak amplitude attained at resonance occurs at differing 
frequencies dependent on the magnitude of excitation and the nature of the nonlinear term.
Such a variance leads to the bending of frequency response curves, introducing multivalue 
solutions with the associated physical jump phenomenon. In addition, the response according to 
equation 4.14, generates secondary resonances. It can be shown with the use of the method of 
Multiple Scales, that under the action of a steady state harmonic forcing waveform, a free 
oscillation term is produced as the frequency of excitation approaches three times that of the 
fundamental (Nayfeh and Mook, 1979). The term does not decay and is noted to be one third 
of the excitation frequency, corresponding to subharmonic oscillations. Conversely, as the 
excitation frequency approaches one third of the fundamental, the free oscillation term is once 
again sustained and possesses a frequency three times that of the excitation. This consequently 
gives rise to the presence of a superharmonic resonance. The secondary resonances, 
corresponding to Duffing’s equation, only occur according to the order of three. Therefore,
Q = 3g)0 -  subharmonic
1 (4.15)
Q = — g)0 -  superharmonic
o
Similarly, should the nonlinear term express a quadratic relationship, the associated secondary 
resonance will be of the order two, such that;
Q = 2 q 0 -  subharmonic
1 (4.16)
Q  =  —  g >0 -  superharmonic
Consequently, it can be noted that the order of the secondary resonance, coincides with 
the power of the nonlinear terms (Meirovitch, 1986). Owing to the numerous peaks observed in 
the frequency domain associated with the jointed structural member, the above discussion 
would imply the stiffness restoring force to contain an infinite series of nonlinear terms.
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The equation of motion governing the response can therefore be written as;
Mx + Cx + fix) = F(t)
(4 . 1 7 )
fix) = K(x + A x3 + Bx5 + Cx7 + .... + N xn)
where A, B, C, etc. are constants.
The presence of an infinite series of secondary resonances within the structural 
response of the jointed member, can also be explained with evaluation of the appropriate 
displacement history.lt was discussed earlier that the FFT of a transient waveform effectively 
distinguishes the harmonic components which combine to construct its form. Thus, peaks that 
arise in the frequency domain indicate the respective harmonics that form the transient response 
history of the structural member. On this basis, application of the FFT to the saw tooth 
displacement response gives rise to the subharmonic resonant frequencies which are seen in the 
frequency domain.
The harmonic content of a saw tooth waveform is a well recognised phenomenon in the 
field of waveform analysis. Appendix II presents a detailed outline of the Fourier Series 
obtained from the transient waveform. The series is found to be represented by;
It can be seen that from the expression above the existence of harmonics, that are 
multiples of the lowest resonant frequency, are decreasing in amplitude as the frequency 
increases. The analytical derivation, therefore, confirms the presence of subharmonics within 
the response of the jointed structural member.
The FFT of the response history has highlighted the existence of secondary resonances 
as a series of peaks in the frequency domain, closely associated with the lowest vibration mode.
Sin(c«>) — —Sin(3ut) + — 5m(5cor) -  
32 52
(4 .18)
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The above discussion has demonstrated how these arise by analytically evaluating the harmonic 
content of the transient waveform expressed by the first vibration mode. Correlating these 
findings with established results exhibited by cubic and quadratic nonlinear stiffness parameters, 
implies that the structural system under examination possesses an infinite power series of terms 
with respect to the stiffness restoring force. The bilinear stiffness property associated with the 
free rotational play within the joint may therefore be analytically represented by an infinite 
power series of nonlinear terms. In order to generate the analytical formulation representing the 
governing equations of motion, numerous terms must be considered in the stiffness parameter 
in order to accurately predict the response. This ultimately increases the complexity of the 
problem with respect to the numerical solution of the second order differential equations. It is 
therefore quite common that the bilinear stiffness property be approximated. Usually 
displacement terms up to the power three are frequently employed, although the consideration 
of terms up to the power five are not uncommon. By reducing the number of nonlinear terms 
in the second order differential equations, the computational efficiency of the solution will be 
improved, although accuracy will obviously be impeded.
4.8.5 Comparison of Nonlinear Elements
The response according to the two differing methods of representing the collar / joint 
interaction, was studied according to a gap size of 0.1mm and consequently assessed with 
respect to both the transient waveform and the frequency domain representation. The behaviour 
expressed according to the displacement can be compared from figures 4.34 and 4.35. The 
respective transient waveforms display little discrepancy between the two methods in terms of 
both the time period and amplitude of response. The corresponding resonant frequencies 
predicted by the two methods are presented in table 4.5, where only a small difference is 
recorded; this difference is considered to be an acceptable margin of error.
The findings generally highlight that while the two methods differ considerably in their 
application, they globally predict the same dynamic performance for the jointed structural 
member. Their main difference, however, will lie in the determination of the more detailed 
response behaviour. While the gap elements will generate more data in this respect, their 
detailed response in larger problems will become superfluous where the technicalities of the 
interaction associated with the collar are irrelevant. The use of nonlinear rotational spring
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elements within the plane truss model, therefore provides a more appropriate method of 
representing the joint behaviour.
4.8.6 Jointed Structural Member in a Free Environment
The investigation into the performance of the jointed structural member encountered a 
particular problem with respect to the free environment and steady state forcing conditions to 
which it was subjected. Under these conditions the structural member was able to describe rigid 
body motions in addition to the harmonic response according to the excitation waveform.
The analysis, which is initiated from rest, applies a force according to a sine wave of 
predetermined frequency and, by virtue of the free environment, the acceleration response 
characteristically follows the applied force waveform. Since the acceleration and force are in 
phase, the sine wave nature of the acceleration gives rise to a velocity response which contains 
a constant value, the sign of which depends on the initial direction of applied force. The 
structure, will thus respond with a corresponding displacement that follows a quadratic 
relationship, and the whole model will experience rigid body motion.
In order to avoid stimulating rigid body motion, the development of an initial velocity 
at the beginning of the analysis should not be permitted. A forcing function which describes a 
cosine waveform effectively achieves this since the acceleration of the model is a maximum at 
the start of the analysis, when the velocity is zero, thereby eradicating the constant component. 
However, as previously mentioned, the analysis is initiated with the structure at rest and 
convergence problems are therefore abound with the model attempting to attain maximum 
acceleration at the beginning of the solution procedure.
The problem was ultimately overcome by implementing structural damping into the 
numerical model. This enables the more stable, sine wave approach of harmonically exciting 
the structure to be applied, since the damping attenuates the initial velocity component of the 
response with time. A solution according to the harmonic component of the excitation 
waveform therefore results after an elapsed period of time when steady state conditions preside. 
Damping associated with the joints, however, was not considered as the investigation was 
primarily aimed at assessing the dynamic response of the structure as a direct result of
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including the geometric properties of the flexible joint. A comparison is therefore presented 
between the nonjointed and jointed models ignoring the additional effects that may be caused by 
damping generated within the joint.
The degree of structural damping exhibited by the model influences the speed at which 
the response achieves steady state conditions. While ideally, a large amount of damping should 
be applied in order to reduce the solution time required to attain steady state conditions, its 
affect on the natural frequencies of a structure follow the equation;
<■> = V(1 - 2C2)
(4.19)
« ■ €
where Cc is the critical damping expressed by the structure. It can be noted therefore, that as 
the level of damping is increased, the effect is to reduce the resonant frequency, such that;
—  s 1 (4.20)
The ABAQUS program accommodates various forms of implementing damping 
depending on the solution procedure adopted. For the numerical integration procedure this is 
accomplished according to the definition of ’Rayleigh’ damping. The principle is based upon 
the introduction of two factors, a and B, which define a relationship between the mass and 
stiffness properties of the structure respectively. The factor, a, specifies a damping property 
that is proportional to the mass matrix and consequently designates a damping attribute that is 
most effective in attenuating low frequency vibrations. In contrast the factor, B, denotes a 
damping characteristic that is proportional to stiffness, generating an additional stress 
component according to the elasticity matrix. The factor 6, therefore, gives rise to a damping 
characteristic that is effective at suppressing high frequency vibrations.
131
The factors of Rayleigh damping are related to the damping ratio according to the 
equation;
a + <o2p = 2—co (4.21)
c 1
which, given the frequency range of interest, estimates the required parameters of a 
and 6 from a known value of damping ratio (Rao, 1990). Experimentally, the damping ratio 
associated with the high technology thermoplastic material, is known to be light, typically of 
0.1 to 0.2% (Hollaway and Sparry, 1991). Although particular values for the specification of 
damping properties are insignificant for the numerical investigation, a damping ratio within this 
range was specified.
Application of structural damping to the numerical model provides additional benefits 
with respect to limiting the amplitude of displacement during forced excitation. Under steady 
state conditions, the amplitude of motion at resonance is directly related to the measure of 
damping, giving rise to a theoretically infinite displacement when no damping is present. The 
frequency response curve according to zero damping will thus exhibit a peak which is 
indefinitely narrow, making it difficult to determine the location of the resonant frequency. By 
imposing an acceptable amount of damping within the structure, not only does the amplitude of 
deformation become realistic, but the identification of the resonant frequency is simplified. The 
study, therefore, can adequately accommodate a frequency sweep that is initially coarse to 
locate the approximate region in which resonance will occur. Once the appropriate frequency 
range is identified, the analysis can concentrate on the region of resonance, redefining the 
frequency to attain an accurate picture of the response curve.
The frequency response curve obtained for the structural member without a joint is 
depicted in figure 4.36. The curve illustrates a symmetric rise and fall in the amplitude of 
deformation as the frequency is spanned across the range defined. Graphical interpolation of the 
discrete points, indicate the maximum amplitude to occur at a frequency of approximately 
47Hz. Comparison of this resonant frequency with those obtained from an eigenvalue extraction 
and classical theory, is presented in table 4.6. The results agree to within 2%, although the 
accuracy of the response acquired from the steady state solution primarily depends on the
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graphical interpolation. Further analyses performed within the vicinity of the resonant 
frequency would, therefore, assist in accurately determining the resonant frequency.
Analysis of the jointed structural member across the frequency range encompassed by 
the structural member with no joint, defines a response curve that is also illustrated in figure
4.36. It can be seen that very little variation in displacement amplitude is recorded throughout 
the range, highlighting that no resonant condition is correspondingly stimulated.
Reducing the frequency range of excitation to 15 - 35Hz, produces the frequency 
response curve depicted in figure 4.37. The displacement attained under steady state conditions, 
can be seen to effectively ’jump’ from a high amplitude to a lower amplitude as the frequency 
of excitation is increased. As no peak is described throughout this range, or indeed at any 
frequency below the second mode, the jump feature would tend to indicate a form of activity 
that may be associated with resonance of the jointed structural member. As the excitation force 
is increased, figure 4.38 shows the member to express a corresponding increase in the 
frequency of the jump. Though the amplitude of deformation at the lower frequencies is also 
significantly raised, the increase in the frequency of this phenomenon accompanies the 
observations discussed with respect to the structural member under the action of an impulse 
load. The free vibration was noted to give rise to an increase in resonant frequency with an 
increase in the impulse force.
Physical insight into the response behaviour of the jointed structural member through 
this frequency range may be gained from an evaluation of the angle of rotation associated with 
the nonlinear spring. According to a frequency of 13Hz, the joint rotation history, described in 
figure 4.39, shows the joint to move through an angle that corresponds with the specified gap 
size. The large rotations are characteristically sustained throughout the analysis and 
consequently give rise to the large amplitude of deformation highlighted in the frequency 
response curve. At an elevated frequency, however, where relatively low displacements are 
recorded, the vibrational behaviour of the joint does not characteristically exercise the full 
extent of the free rotational play. Presented in figure 4.40, the response history highlights that 
while initially the joint attains large rotations corresponding to the full extent of the available 
gap clearance, they are not sustained, and the rotations settle to a significantly smaller value. 
The findings suggest that a discrete frequency exists below which, the vibrations associated 
with the structural member are influenced by the restraining effect of the collar. Above this
133
frequency, however, the observed response implies that the properties associated with the collar 
have no bearing on the dynamic performance.
The discrete nature by which the amplitude of deformation changes from that of a 
relatively high magnitude to one of low magnitude, can be referred to as a physical ’jump’.
The phenomenon is noted to be associated with characteristically nonlinear systems, where 
under certain conditions, the curves can become sufficiently distorted to give rise to 
multivalued solutions. Physically, the response can not describe two differing amplitudes at a 
discrete frequency of excitation, and therefore the response will follow one of the two stable 
steady state solutions. This consequently leads to a jump in the response from one solution to 
the other as the frequency is steadily increased or decreased. It is an observation which is often 
witnessed in experimental tests and the feature may be further explained with the aid of figure 
4.41. Here, the frequency response curve according to a hardening spring type nonlinearity is 
presented. The peak has become distorted to the extent that more than one solution may exist at 
certain frequencies of excitation. Should the excitation force initially start from a low frequency 
and sweep across the range, the response will follow the path ABCEF. As the point C is 
reached, however, the response will jump to the stable solution at point E and will 
consequently follow this path to point F. Conversely, should the frequency of excitation 
initially start at the higher end of the range and subsequently decrease in value, the response 
follows the path FEDBA. At the point D, the response jumps to point B and thereafter 
continues along this track to point A. It becomes apparent, therefore, that the two differing 
forms of response depend on the sweep direction of the forcing frequency and the dynamic 
performance of the nonlinear system. It, therefore, relies heavily on the initial conditions and 
an observation which is not evident in linear structural systems (Nayfeh and Mook, 1979).
The ’jump’ observed in figure 4.37, where the structural member suddenly experiences 
a change in the state of vibration, can be related to the above discussion on the jump 
phenomenon occurring in nonlinear systems. Considering the approach undertaken in the 
numerical analysis, the steady state solution was reached by commencing the analysis from a 
condition of static equilibrium. This implies that the structure acquired the steady state response 
from an equivalent zero Hertz motion. The structure would thus experience a rising excitation 
frequency as it attained the response according to the frequency under consideration. The 
consequent affect on the vibration performance of the structural member would imply that the
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response attained would follow the upper path, ABC, shown in figure 4.41, and the jump 
observed in figure 4.37 be equivalent to the jump, CE, in figure 4.41.
Since the structural member exhibits a hardening type structural nonlinearity which 
bends the frequency response curve in the same direction as depicted in figure 4.41, a region of 
multivalued steady state solutions may exist in the frequency range below the jump in figure
4.37. The extent to which this region exists could be examined by attaining the steady state 
solution from an initial higher frequency response. This would consequently define the lower 
jump and hence the range of frequencies in which the jointed structural member may define a 
vibration response that was dependent on the initial conditions to which the member was 
subjected (Kahraman and Singh, 1990).
Despite the occurrence of the jump phenomenon, the results described in figure 4.37 do 
not show a peak in the frequency response curve. The results show high amplitudes at very low 
frequencies which gradually reduce to a consistent level as the frequency is increased to that at 
which the jump occurs. As mentioned before, throughout this range, the joint exercises 
maximum permissible rotation within the bounds of the free rotational play. The vibration 
modes at very low frequencies (which describes almost rigid body motion), and those along the 
region of consistent response amplitude, thus behave in the same manner. Consequently, no 
discrete peak will be observed which distinguishes the rigid body motions from the resonant 
condition surrounding the jump phenomenon.
4.8.7 18 Bay Plane Truss
The analysis into the effects of flexible joints on the performance of a large truss, 
initially undertook an eigenvalue extraction to evaluate the natural frequencies of the truss 
without any joints. Presented in table 4.7, the analysis predicts the truss to possess a natural 
frequency of 10.3Hz, with the subsequent second and third modes very closely related at 
24.5Hz and 26.8Hz respectively. The mode shape expressed by the natural frequency is 
illustrated in figure 4.42. The nature of the deformation indicates the structure to undergo a 
displacement that is global in form with the individual members predominately participating in 
an axial manner. The displaced shape described by the second mode is shown in figure 4.43 
and while expressing a global displacement indicates a growing contribution to the mode by the
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individual members of the truss. The third mode, illustrated in figure 4.44, predominately 
expresses the occurrence of vibrations from the truss members with no global participation 
from the overall truss. The natural frequencies associated with the global performance of the 
truss are therefore closely related to those expressed by the individual members. In order to 
invoke an eigenvalue which exhibits a predominately global deformation, the truss should 
express an overall flexibility that is greater than that of the individual members. The skeletal 
nature of the truss, however, characteristically exhibits a high stiffness. Small structures that 
utilise this form of construction will therefore predominately express resonant modes that 
incorporate local, member deformations whereas the larger trusses depict global behaviour.
The transition between local and global deformations is one which occurs gradually. As 
the truss size enlarges, a combination of local and global resonant conditions will occur giving 
rise to resonant frequencies that express the characteristics of both. The mode shape described 
in figure 4.43, particularly illustrates this where the second mode incorporates a significant 
contribution from both global and local effects. The study undertaken with the 18 bay truss, 
typically represents the size of plane truss which characteristically undergoes a predominant 
global first resonant condition. Since the investigation is primarily aimed at the effects of 
flexible joints on large truss vibrations and typically their global nature of response, the 
analysis of smaller trusses would prove irrelevant. On the other hand, no advantage would be 
gained from the analysis of larger trusses, as their characteristics will remain unchanged ffom 
those described by the 18 bay truss. According to these considerations, the plane truss finite 
element model represents an economical size to analyse.
Evaluation of the truss, excited under steady state conditions, produced the frequency 
response curve illustrated in figure 4.45. Encompassing the first natural frequency only, the 
response expresses a symmetric rise and fall in the deformation behaviour as the frequency is 
stepped up through the range. Utilising graphical interpolation, the peak amplitude is 
approximately located at a frequency of 9.7Hz, some 4% lower than that predicted by the 
eigenvalue extraction technique. According to a forcing frequency of 10Hz, the corresponding 
displaced shape of the truss is illustrated in figure 4.46. While this does not represent the 
maximum deformation attained, the shape clearly defines the stimulation of global distortion 
comparable to that observed from the eigenvalue extraction. The favourable comparison, 
therefore, indicates that the application of steady state excitation through this frequency range, 
stimulates a resonant condition, enforcing global deformations throughout the structure.
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The frequency response curve obtained from the analysis on the jointed, nonlinear truss 
is presented in figure 4.47. This can be subsequently compared with that previously displayed 
for the original, linear truss. Although, excited through a similar frequency range under the 
same magnitude of force, the curves are noted to exhibit several significant differences. 
Primarily, the resonant frequency is observed to decrease with the introduction of joints. From 
graphical interpolation, the resonant frequency is approximately located at 9.5Hz, which 
represents a reduction of 4.2% from that obtained with the original truss. In addition, the shape 
of the curve is significantly altered, highlighting a substantial reduction in the amplitude of 
deformation achieved at resonance. The jointed truss is found to approximately attain 51% of 
the deformation experienced by the linear truss with no joints. This reduction in deformation 
accompanies a pronounced rounding of the response curve away from the discrete peak defined 
by the truss with no joints. Therefore, whereas the original truss describes rapidly changing 
conditions as it undergoes resonance, the jointed truss expresses a slower rate of change.
Despite the nature of the changes brought about in the frequency response curve by the 
introduction of flexible joints, the nature of the structural deformation appears to remain 
unaffected. Figure 4.48, exhibits the deformation characteristics of the jointed truss under the 
influence of a 9Hz forcing frequency. Though the individual members show a greater degree of 
participation during the response, the truss in general exhibits the global displacement 
behaviour typically expressed by the original truss. Therefore, while incorporation of the joints 
into the truss appears to marginally influence the dynamic performance of the truss, the 
underlying feature highlights the simulation of a resonant condition similar to the truss with no 
joints.
The effect of force on the response characteristics, is presented in table 4.8 and 
graphically illustrated in figures 4.49 and 4.50, for both the nonjointed and jointed truss models 
respectively. With consideration to the nonjointed truss, a decrease of 41% in the excitation 
force correspondingly results in a 40% decrease in the maximum displacement. The form of the 
response curve is noted to remain unchanged, with the frequency of resonance unaltered.
Further reductions in the excitation force repeat this relationship, thereby illustrating the 
linearity expressed by this particular truss model. The jointed truss, however, does not conform 
to the observations expressed by the truss with no joints. Figure 4.50, highlights that despite 
decreasing the maximum displacement, a reduction in the excitation force also instigates a 
reduction in the resonant frequency. In addition, the response curve gradually takes on a more
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pronounced, rounded form. With comparison to the original, linear truss, the observed 
response with respect to force highlights the flexible joints to induce a greater influence at 
lower magnitudes of excitation. The frequency of resonance is found to diverge more 
profoundly than at the higher levels of excitation force. It appears therefore, that the harder the 
nonlinear structure is driven, the more its response will resemble that of a linear structure.
The findings so described, imply that the truss may undergo global vibration modes 
despite being heavily dominated by structurally nonlinear flexible joints. Although the 
performance is found to be affected by the joints in terms of the frequency and amplitude of 
deformation attained at resonance, the truss appears in general, to be capable of achieving a 
response that is similar to that of the original, linear truss. The findings would therefore tend to 
suggest that the jointed truss expresses a degree of linearity within its response even though 
there exists a large number of nonlinear joints within its construction.
Assessment of the associated phase plane diagrams exhibited by the respective trusses, 
enhance the observation that a degree of linearity prevails in the response of the nonlinear, 
jointed truss. The phase plane diagram essentially represents the structural response in a 
graphical plot of displacement against velocity. Typically, for a linear structural system under 
steady state sinusoidal excitation, the plane will exhibit a circle that is exactly repeatable. The 
corresponding phase plane obtained for the rigid, nonjointed truss is illustrated in figure 4.51 
and describes the response according to a nodal joint on the truss. The plane typically 
highlights a circular trajectory that describes the same path from cycle to cycle, thereby 
expressing its linear response to the excitation. For a similar position on the jointed truss, the 
corresponding phase plane is shown in figure 4.52. Though the trajectory is no longer 
repeatable with subsequent cycles of excitation exhibiting a small amount of variance, the 
general form describes a path circular in nature. A comparison of the two trusses would 
consequently suggest that the response obtained at nodal points on the jointed truss follow a 
behaviour pattern that is linear in character.
Though the response according to the nodal points of the jointed truss express a linear 
characteristics, the individual members undergo severe nonlinear deformations. Figure 4.53, 
shows the phase plane obtained for the linear, rigid truss at a location which is mid way along 
the length of a structural member. The trajectory describes a similar circular path to that 
obtained for the nodal point. The phase plane acquired for the same location on the jointed
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truss, however, diverges from the circular form. Illustrated in figure 4.54, the trajectory 
describes the path of an elongated circle introducing two regions of almost constant velocity 
although the velocities attained through these regions are typically highly variable. Their 
presence would tend to denote the occurrence of unrestrained motion as the member deforms 
between the maximum and minimum limits of displacement. The nature of the response can be 
related to the results observed with respect to the single structural member that was excited 
under the action of an impulse force. The findings, discussed in section 4.8.5, highlighted the 
response to contain a constant velocity component as the member moved between the extremes 
of displacement. Since the results were observed to give rise to a highly nonlinear response 
behaviour, the structural member within the truss may also express a response of similar form.
The presumption that the jointed truss members exhibit a nonlinear response behaviour 
during excitation, can be enhanced by observing the phase plane produced by the analysis of 
the single structural member. Under the action of steady state sinusoidal excitation, the 
structural member describes the plane illustrated in figure 4.55, when no joint is incorporated 
within its fabrication. The circular nature corresponds to the response obtained for the truss 
with no joints, typically illustrating the linear characteristic exhibited by the structure. 
However, insertion of the flexible joint at its mid length, transforms the corresponding phase 
plane. Illustrated in figure 4.56, the plane now exhibits two regions of constant velocity in 
which the motion is unrestrained. The phase plane defined by the jointed structural member, is 
of similar form to that described by the jointed structural member incorporated into the truss 
geometry. Since the frequency response characteristics associated with the single member 
depicted a highly nonlinear behaviour, the response of the jointed member within the truss may 
correspondingly be speculated to generate the same type of result.
A general comparison of the phase planes associated with the heavily jointed truss and 
those of the original truss, highlights a degree of repeatability. The response defined by the 
rigid truss typically describes a trajectory within the plane that accurately repeats the path 
during subsequent cycles of excitation. The corresponding plane obtained from the jointed 
truss, however, illustrates the trajectory to describe a path which is variable from cycle to 
cycle. While the overall phase plane is generally repeated over subsequent cycles, a degree of 
inconsistency is observed in isolated areas around the cycle giving rise to an unpredictable 
performance. Although this may be attributed to the influence of the flexible joints, the phase 
plane obtained for the jointed single structural member would tend to suggest otherwise. The
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trajectory according to this model, is noted in figure 4.56, to accurately repeat the path upon 
subsequent cycles of excitation. The variable nature of the response defined by the jointed 
truss, therefore, appears to be dependent on the number of flexible joints within the structure. 
As the number of joints increase, the structure will possess a greater degree of flexibility, 
enlarging the likelihood of acquiring a slightly different mechanical state within each joint from 
the previous cycle.
A further observation was noted to arise ffom the phase plane diagrams concerning the 
characteristic response of the jointed truss frame. During the previous discussion the behaviour 
of the truss was evaluated at an excitation frequency of 8Hz. By increasing the frequency to 
9.5Hz, the phase plane associated with a nodal point becomes slightly distorted as shown in 
figure 4.57. The circular path acquires a small degree of ovality, which generally encompasses 
two differing gradients as the trajectory moves through the bounds of maximum displacement. 
The orbital path described by an individual member, however, remains unaffected as shown in 
figure 4.58. Two regions of variable constant velocities are depicted as the member continues 
to displace uninhibited between the maximum bounds of displacement. A subsequent increase in 
the excitation frequency to that of 12Hz, produces a further change in the phase plane obtained 
from a nodal point on the truss. Presented in figure 4.59, the oval nature of the plane becomes 
more enhanced, clearly defining two differing gradients within its response. The nature of the 
gradients, however, reflect the phase plane obtained at 9.5Hz about the velocity axis. It is 
important to note that this transformation indicates a phase change of 180° and coincides with 
the excitation frequencies occurring on either side of the resonant peak shown in figure 4.47. 
This corresponds to a well known feature associated with resonance in that the response 
undergoes a phase change of 180° as the structure scans the resonant condition (Ewins, 1984). 
The plane associated with an individual member, however, remains unaffected. Presented in 
figure 4.60, the orbital path encompasses the now familiar two regions of constant velocity 
without any notable change in the overall appearance.
The alterations that occur in the phase planes associated with a nodal point of the truss, 
indicate a growing joint influence as the frequency of excitation is increased. A departure from 
the symmetric linear response obtained at 8Hz arises as the frequency is changed to 9.5Hz. The 
introduction of contrasting gradients into the phase plane implies that the structure experiences 
differing rates of change through the excitation cycle. A critical review of this response 
behaviour can be undertaken by considering the clockwise manner in which the planes are
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spanned with respect to the time. From figure 4.57, it can be seen that having attained 
maximum positive displacement, the motion changes direction and a larger gradient is recorded 
shortly thereafter. The nature of the gradient leads to the structure achieving a maximum 
velocity shortly before the position of static equilibrium is reached. A lower, more gentle 
gradient ensues, as the structure continues to move in the same direction acquiring the position 
of maximum negative displacement. The trajectory then mirrors this path as the motion 
deforms the structure ffom that of maximum negative displacement to maximum positive 
displacement. The response cycle is consequently repeated according to subsequent cycles of 
the excitation waveform, although, as discussed earlier, the orbital path is never exactly 
reiterated.
The shape of the path so described, can be explained physically by interpreting the 
slope of the gradients with respect to the corresponding location in the phase plane. From 
maximum positive displacement, the steeper of the two gradients indicate the velocity to be 
changing more rapidly than the associated displacement. As a direct result of this, the structure 
is experiencing high degree of acceleration which can only come about with a reduction in the 
effective mass. In order for this to occur, the structure must be exhibiting a degree of 
flexibility in the direction of excitation such that only the mass local to the application of force 
is affected. Once maximum velocity is attained, a change in gradient implies that the velocity 
subsequently reduces in value, changing at a slower rate with displacement than it was 
increased. The prolonged reduction in velocity would thus tend to suggest the associated 
deceleration also to be slower, a condition which accompanies an increase in the effective mass 
of the structure. Since the truss is not only inherently flexible, but also excited at a location 
midway along its length, the occurrence of changes in the driven mass may arise due to the 
inertia of the end sections. Graphically portrayed in figure 4.61, the possible physical 
explanation is that the displacement of the truss through the sinusoidal excitation cycle will 
involve a lag between the motion of the driven centre section and the following end sections. 
The flexible characteristic may allow the driven mass at the centre section to change direction 
before the end sections respond. This therefore creates a lower driven mass as the forcing 
function changes the direction of motion at the centre. Eventually, the opposing directions of 
travel will accommodate the entire flexibility offered by the joints and the mass increases to 
that of the whole truss. The subsequent increase in mass appears to effect the motion in a 
rapid, rather than a gradual manner such that a change in the gradient of the phase plane is
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detectable. In essence though, the end sections lag the motion of the driven centre section since 
the acceleration is noted to be the greatest once maximum displacement has been attained.
The phase plane associated with the forcing frequency of 12Hz, can be discussed in a 
similar way. Presented in figure 4.59, the phase plane illustrates a positive enhancement of the 
two differing gradients associated within the response behaviour. Once maximum displacement 
has been achieved, however, the motion describes the smaller gradient. Consequently, the rate 
of change of velocity with respect to displacement is relatively slower, indicating the motion of 
the truss to experience a lower acceleration. The driven mass must therefore be relatively high 
and possibly involve the whole structure. Maximum velocity is not reached until after the truss 
displaces through the position of static equilibrium. Thereafter, the truss rapidly decelerates to 
zero velocity at the position of maximum displacement. This would consequently suggest a 
reduction in the driven mass during this phase. The graphical portrayal of the displacement 
through the sinusoidal excitation cycle is presented in figure 4.62 where it is suggested the 
flexibility of the truss comes into prominence as the truss decelerates. The inertia generated in 
the end sections combined with the decelerating centre section results in a differential of 
velocity. The end sections consequently become unaffected by the driven centre section as they 
relatively displace through the flexibility offered by the truss. The driven mass therefore 
reduces, thus accounting for the possibility of a greater deceleration. Upon attaining maximum 
displacement, however, the reversal in motion coincides with the end sections accommodating 
the entire flexibility available within the truss. The mass subsequently increases to that of the 
whole structure and the reversal in motion involves a lower acceleration than deceleration.
From this discussion, a primary factor influencing the nature of the response around the 
first resonant frequency involves the inertia generated within the truss according to this mode. 
At frequencies below resonance, the response will be dominated by the inertia of rigid body 
modes. The flexibility expressed by the truss owing to the large number of joints, appears not 
to become a prominent factor on the characteristics of the response. Accordingly, the response 
at 8Hz expresses a degree of linearity in describing a near circular phase plane. As the forcing 
frequency encroaches on the resonant condition, the inertia generated within the truss becomes 
a significant element in the response. The behaviour thus becomes influenced by the flexibility 
of the truss. Increasing the excitation frequency beyond the resonant condition, however, 
changes the way in which the inertia influences the response. Consequently, the response
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obtained at higher frequencies will contain an inertial component associated with the resonant 
modes below.
4.9 Concluding Observations
The numerical analysis performed on the single jointed structural member has 
highlighted a complex and diverse behaviour characteristic of this type of joint. The nonlinear 
structural parameters give rise to a performance under dynamic excitation that results in a 
significant divergence from the corresponding structural member with no joint.
Due to the location of the joint, the associated properties were found to particularly 
influence the odd modes described by the structural member. The even modes were noted to 
remain unaltered as the joint resides at a nodal point of vibration.
The nonlinear geometric characteristic expressed by the joint was investigated according 
to several influencing factors. The size of clearance exhibited between the collar and joint body 
was particularly found to play an important role. Indeed, the existence of any gap within the 
joint leads to the development of a nonlinear stiffness relationship with displacement. 
Consequently the restoring force generated according to displacement follows a nonlinear 
correlation in direct contrast to that expressed by a structural member with no joint. As a 
result, the resonant frequencies exhibited by the structural member were not only found to be 
dependent on the size of gap but also on the excitation force and boundary conditions imposed 
at the ends. Generally, the investigation highlights the complex behaviour introduced into the 
structural member by virtue of the geometric characteristics expressed by the joint. The 
resonant frequency associated with a jointed member is therefore dependent on a number of 
factors which, realistically can not be accounted for in any specific case without undertaking 
some form of assumption.
Although the joint inflicts a severe nonlinear performance on a single structural 
member, their introduction into a large truss appears to impose little effect on the dynamic 
behaviour. Representation of a deployable truss with the incorporation of numerous flexible 
joints throughout the structure, resulted in the response depicting that obtained for the truss 
with no joints. Though, the amplitude of deformation was noted to be affected, the frequency at
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which the truss undergoes a global resonant condition was found to be marginally influenced 
with a global form of deformation occurring throughout the truss. The use of joints of this type 
to form deployable skeletal structures can therefore be viewed to inflict a minimal interference 
on the dynamic performance of these large structures. Predictions concerning their resonant 
behaviour may consequently be addressed according to the original, linear truss, thereby 
significantly reducing the computational effort required with the nonlinear joints.
While the overall behaviour of the large truss may express an almost linear 
performance, the individual members experience a nonlinear response. Their performance 
within the truss generate large deflections that will typically follow the characteristics observed 
in the detailed analysis of the single structural member. Despite the presence of such nonlinear 
motions their emergence appears not to influence the overall behaviour of the truss. Indeed, 
should these be attenuated in any way, then the global performance of the truss may be further 
linearised, decreasing the importance the joints have on the dynamic behaviour.
In general, the performance of large trusses dominated by joints appears to be 
marginally affected by their nonlinear characteristics. Global resonant conditions, stimulated by 
dynamic forces, follow a similar behaviour to their nonjointed, linear structural form.
However, should the size of truss depict a typically non global resonant mode, then the 
presence of the joints will undoubtedly play an important part in the behaviour. This will be the 
case for smaller trusses in which the individual members express a greater flexibility than that 
of the overall truss. They will therefore exhibit a dynamic performance that relies heavily on 
the properties of the joint.
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T a b le  4 .1  Natural frequencies of 2m structural member. Frequencies in Hz.
Mode
Solution technique
Classical theory F.E. Eigenvalue 
extraction
F.E. Numerical 
integration
1 20.9 20.9 20.9
2 83.3 83.5 82.9
3 187.2 187.8 181.9
Table 4.2 Gap size influence on the resonant frequencies of a 2m jointed structural 
member. Frequencies in Hz.
Gap size (mm)
Mode no gap 0.08 0.1 0.2 0.5
1 17.3 4.8 4.0 2.5 2.1
2 81.2 81.2 81.2 81.2 81.3
3 163.6 117.4 117.8 117.8 116.2
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Table 4.3 Impulse force influence on the vibration frequencies of a 2m jointed structural 
member. Frequencies in Hz.
Mode
Structural member
No joint Jointed with 0.1mm gap
Force (N) 10 15 10 12 15 20 25
1 20.9 20.8 4.0 4.6 5.4 6.2 6.8
2 82.9 82.9 81.2 81.2 81.4 81.3 81.2
3 181.9 182.0 117.8 118.1 120.1 122.1 123.0
Table 4.4 Effect of end restraint on gap size influence over the resonant frequencies of a 
2m jointed structural member. Frequencies in Hz.
Gap size (mm)
Mode no gap 0.08 0.1 0.2 0.5
1 17.2 4.6 3.8 3.2 3.2
2 81.6 81.5 81.1 81.4 81.9
3 163.8 116.3 116.2 116.5 116.0
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Table 4.5 Comparison of resonant frequencies according to finite element modelling 
technique. Frequencies in Hz.
Nonlinear geometric element 
expressing a 0.1mm clearance
Mode Gap Spring
1 4.0 3.9
2 81.2 81.1
3 117.8 118.2
Table 4.6 Natural frequencies of 2m structural member in a free environment. 
Frequencies in Hz.
Solution technique
Mode Classical theory F.E. Eigenvalue F.E. Numerical integration
extraction (steady state)
1 47.4 47.1 46.7
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T a b le  4 .7  Natural frequencies of an 18 bay skeletal truss. Frequencies in Hz.
Solution technique
Mode F.E. Eigenvalue F.E. Numerical integration % Difference
extraction (steady state)
1 10.3 9.9 4.0
Table 4.8 Force influence on the natural frequency of an 18 bay skeletal truss. 
Frequencies in Hz.
Fabrication state
Force (N) Unjointed Jointed % Difference
20 9.9 9.5 4.2
60 9.9 9.1 8.8
100 9.9 8.7 13.4
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Figure 4.1(a) Structural member with nonlinear gap elements
sliding collar
gap elements
A
pivot point
Figure 4.1 (b) Structural member with torsional spring
springpivot point
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Figure 4.2 The occurrence of numerical noise during direct 
time integration
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Figure 4.3 The effect of excessive numerical damping during 
direct time integration
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Figure 4.4 Moment stiffness for nonlinear rotational 
spring elements
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Figure 4.5(a) Finite element mesh with gap elements
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Figure 4.5(b) Deformation of finite element model 
with gap elements
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Figure 4.6 Finite element mesh with nonlinear spring element
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Figure 4.7 Finite element mesh for 18 bay plane truss
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Figure 4.8 Dimensions of structurai member and joint components. 
Dimensions in mm. (not to scale)
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Figure 4.9 The relationship between the time 
and frequency domains
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Figure 4.11 Comparison of jointed and continuous beams: 
first mode shape
continuous jointed
Figure 4.12 Comparison of jointed and continuous beams: 
second mode shape
continuous jointed
Figure 4.13 Comparison of jointed and continuous beams: 
third mode shape
continuous jointed
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Figure 4.14 Variation of frequency with gap size
for the first mode
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Figure 4.16 Variation of frequency with force for
the first mode
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Figure 4.17 Variation of maximum displacement 
with force for the first mode
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Figure 4.18 Acceleration history for gap size 0.08mm
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Figure 4.19 Acceleration history for gap size 0.1 mm
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Figure 4.20 Acceleration history for gap size 0.2mm
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Figure 4.21 Displacement history for gap size 0.08mm
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Figure 4.22 Displacement history for gap size 0.1 mm
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Figure 4.23 Displacement history for gap size 0.2mm
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Figure 4.24 Comparison of displacement waveforms
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Figure 4.25 FFT of bending moment response for
joint with no gap
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Figure 4.26 FFT of bending moment response for 
joint with a 0.1 mm gap
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Figure 4.27 Frequency response according to variations in 
gap size with axial displacement restrained
Frequency
(Hz)
20
18
16
14
12
10
8
6
4
2
0 0.2
Gap size (mm)
0.40
Figure 4.28 Comparison of displacement waveforms with boundary 
conditions restraining axial motion
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Figure 4.29 FFT of axial force response for
joint with 0.1mm gap
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Figure 4.30 FFT of velocity response for joint with no gap
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Figure 4.31 FFT of velocity response for joint with 0.08mm gap
Amplitude
0 20 40 60 80 100 120 140 160 180 200
Frequency (Hz)
Figure 4.32 FFT of velocity response for joint with 0 .2 mm gap
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Figure 4.33 Nonlinear stiffness curves expressing
various spring types
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Figure 4.34 Displacement history obtained using
gap elements
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Figure 4.35 Displacement history obtained using 
a nonlinear spring element
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Figure 4.36 Frequency response curve of a single 
structural member
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Figure 4.37 Frequency response curve of a jointed 
structural member
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Figure 4.38 Effect of excitation force on the steady state vibrations 
of a jointed single structural member
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Figure 4.39 Joint rotation history under excitation an 
frequency of 13Hz
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Figure 4.40 Joint rotation history under excitation frequency 
of 27Hz and driving force of 1.5N
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Figure 4.41 Frequency response curve for a nonlinear 
system of the hardening spring type
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Figure 4.42 First mode shape for the 18 bay plane truss
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Figure 4.43 Second mode shape for the 18 bay plane truss
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Figure 4.45 Frequency response curve for the 18 bay truss 
with no joints
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Figure 4.46 Displaced shape of the 18 bay truss excited 
at 9 Hz
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Figure 4.47 Frequency response curve for the jointed
18 bay truss
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excited at 9 Hz
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Figure 4.49 Effect of force on the frequency response
curve of the 18 bay truss with no joints
Maximum
isplacemer
(m)
0.014
100 N force 
60 N force 
20 N force
0.012
0.01
0.008
0.006
0.004
0.002
Frequency (Hz)
Figure 4.50 Effect of force on the frequency response 
curve of the jointed 18 bay truss
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Figure 4.51 Phase plane diagram at nodal point on 18 bay
truss with no joints; excitation frequency: 9Hz
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Figure 4.52 Phase plane diagram at nodal point on jointed 
18 bay truss; excitation frequency: 8 Hz
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Figure 4.53 Phase plane diagram for a structural member
of the 18 bay truss with no joints;
D isplacem ent
(m )
excitation frequency: 9Hz
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Figure 4.54 Phase plane diagram for a structural member 
of the jointed 18 bay truss; 
excitation frequency: 8 Hz
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Figure 4.55 Phase plane diagram for a structural member
with no joint
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Figure 4.56 Phase plane diagram for a structural member 
with a flexible joint
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Figure 4.57 Phase plane diagram for a nodal point within the
jointed 18 bay truss; excitation frequency: 9.5Hz
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Figure 4.58 Phase plane diagram for a structural member within 
the jointed 18 bay truss; excitation frequency: 9.5Hz
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Figure 4.59 Phase plane diagram for a nodal point within
the jointed 18 bay truss; excitation frequency: 12Hz
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Figure 4.60 Phase plane diagram for a structural member within 
the jointed 18 bay truss; excitation frequency: 12Hz
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Figure 4.61 Oscillatory displacement characteristics of a jointed 
18 bay truss under an excitation frequency of 9.4Hz
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Figure 4.62 Oscillatory displacement characteristics of a jointed 
18 bay truss under an excitation frequency of 12Hz
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Chapter 5
Experimental Dynamic Analysis
5.1 Introduction
The dynamic characteristics expressed by the energy loaded joint were evaluated 
experimentally with the implementation of two differing techniques. A series of tests were 
undertaken incorporating several structural test models that represented various forms of the 
joint. The aim involved the identification of the quality of dynamic behaviour associated with 
each of the test models. The nonlinear behaviour related with the deployable joint prompted the 
development of a redefined joint that removed the undesirable performance under vibration.
The structural models, fabricated for the testing, involved different forms of the joint 
incorporated at the centre of a single 2m structural member. They were constructed so as to 
give a progressive indication of the effects the energy loaded joint would impose on the 
dynamics of a structural member. The models therefore represented a structural member which 
possessed;
a) no joint,
b) a joint firmly clamped in its deployed position, and
c) a fully deployable joint.
In addition, the redevelopment of the joint resulted in another model which featured the
new design approach.
The chapter describes the implementation of the two experimentally based techniques 
aimed at the identification of nonlinearity associated with each of the models. The first 
approach involves the assessment of the frequency response function used to perform the modal 
analysis technique on linear structural systems. The force state mapping technique forms the 
second method and was primarily designed to extract the nonlinear characteristics associated 
with structural joints. The results presented, indicate the expected strong nonlinearity coupled
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with the energy loaded joint. The findings achieved with the redesigned joint express the ability 
to achieve structural linearity within the fully deployable joint.
5.2 Objectives
The aims of the experimental investigation were considered to be;
a) to validate the observations previously made during the numerical 
analysis and to identify that structural nonlinearity was an inherent 
characteristic of the joint design,
b) to verify that the structural nonlinearity could indeed be removed from 
the deployable joint by redesigning the joint.
In order to accomplish this, a series of models consisting of different materials were 
fabricated to simulate various forms of the joint. This enabled a simple comparison to be 
conducted that would highlight the essential characteristics possessed by the deployable joint.
With these aims in mind, it was considered that a suitable test bed be established within 
which the effects of the joint alone could be established. Full scale models of a single truss 
member were therefore fabricated such that a suitable transition from the linear structural 
member with no joint to the nonlinear jointed member was represented.
Four test models were fabricated in order to accomplish this. A straight tubular section 
member with no joint constituted the first model with the second incorporating a joint at mid 
length, firmly clamped in position. The third model embodied the joint at mid length along the 
member with a free collar allowing for flexible rotations. The fourth model of the series was 
that which exhibited the redesigned features mentioned above.
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5.3 Test Procedures
The two test procedures employed to undertake the identification of the vibrational 
characteristics associated with each of the test models were chosen for a variety of reasons. The 
frequency response approach forms the basis of the now well established Modal Testing 
technique. The development of modal testing has been an ongoing process over the past thirty 
years and now forms a powerful method for the evaluation of vibrational characteristics of 
structures. Accordingly the method is well documented (Ewins 1984, Corelli 1988, Niedbal and 
Hiiners 1986, and Belvin and Edighoffer, 1986), although a primary constraint in its 
application is the assumption that the test structure possesses linear characteristics. While 
practically this is never the case, the strong nonlinearity associated with the joint design under 
examination renders the test procedure inappropriate. The use of the frequency response 
function, however, can be utilised to highlight the presence of either linearity or nonlinearity 
within the test structure. It is this important feature which is exploited for the experimental 
investigation in hand.
The Force State Mapping approach is a comparatively recent technique which was 
developed by Crawley et al., 1986. The method is specifically aimed at the identification, 
qualification and quantification of nonlinearity in structural joints. Although the technique is 
general enough to be applied to any form of structural connection, the authors express a 
particular interest in the assessment of deployable joints for the construction of large space 
structures. Indeed, the type of joint presented resembles a remarkable similarity to that 
considered in this project. The procedure adopted during this investigation, however, was 
altered from that proposed by the authors. This was found necessary due to the nature of the 
test model and the environment to which the models were to be eventually subjected.
The essential background theory concerning these two test methods is presented later. 
The chapter will also present the appropriate experimental procedures and test set ups required 
for the successful implementation of these two methods.
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5.4 Support Environment
The ground testing of structures destined for space, generates unique problems 
associated with their environment. The zero g nature and unconstrained condition to which the 
structures will be subjected present the most important difference between the Earth and space 
environments. In order to determine the response behaviour of a structure in space, ground 
conditions must be such that they effectively simulate the environment on Earth. While it is not 
practically possible to remove the gravitational field, techniques have been developed which 
take this effect into account. Balas and Babcock, 1988, presented a method which determines 
the zero g shape of flexible beams or columns through a combined analytical / experimental 
approach. The Multiple Boundary Condition Test, Wada et al., 1985 & 1986, undertakes a 
number of analyses with differing constraints, thereby overcoming the difficulties associated 
with the flexibility of the structure. Other techniques which have been proposed involve the 
application of ffictionless constraints throughout the test structure. Discussed by Ikegami et al., 
1988, they may include the use of air bearings, electromagnetic plates and flotation pods. Their 
implementation, however, should not influence the dynamics of the structure and it is noted that 
they can only effectively provide ffictionless motion in five degrees of freedom. In addition, 
their use may present difficulties owing to the large number of constraint locations required for 
an evenly distributed support.
An alternative and more popular method of providing a ffictionless support condition 
incorporates the use of long cables and springs. The system is cheap, easy, and effective to 
implement and provides a passive support which caters for motion in six degrees of freedom 
(Ewins 1986, Sparry 1991, Ikegami et al., 1988, Belvin and Ehighoffer 1986). By using this 
method, the stiffness in the translational direction is solely dependent on the length of the 
cables employed. With the addition of soft springs, the support also provides little restraint in 
the vertical direction.
Although the test models developed for the experimental investigation are essentially 
extracted from the larger truss structures, the same philosophy of support conditions was 
applied. It was considered important to reduce the influence of gravity as far as reasonably 
practical and provide a ffee free support condition whereby the response due to the joint 
becomes isolated.
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Consequently, the test models were orientated with their longitudinal axis in the vertical 
plane, as illustrated in figure 5.1. By suspending the member vertically, friction that could be
generated at moveable interfaces within the joint was minimised. The collar, however, required
support in this orientation in order to retain a position that encompassed the pivoting region of 
the joint. This support would normally be provided by the compressive spring although since 
this was neglected from the test models, the support was provided by a piece of long tape, 
positioned such that a minimal amount of lateral restraint was imposed.
The use of long cables also provides the ability to predict resonance within the support. 
Knowing the properties of the lightweight nylon cord employed for the cables implied that the 
supports could be tailored to minimise their influence on the test model. The resonances 
associated with the suspension cables can be categorised into:
a) a pendulum motion involving the whole system,
b) lateral vibrations of the cables,
c) longitudinal vibrations of the cables.
The support point along the length of the test model was also considered in some detail. 
Location of the support at the top of the structural member would have resulted in the 
development of a double pendulum in addition to providing a support at the expected point of 
maximum displacement. To avoid the double pendulum action, the support could be located at 
the centre of gravity although this would not only tend to destabilise the test model but also 
provide a support at the other anticipated point of large amplitude. The two extremes were thus 
compromised and the support point was positioned one sixth distance away from the centre of 
gravity.
5.5 Model Fabrication
5.5.1 Perspex
Initially, perspex was considered as the modelling material since it offered a cheap 
alternative to the high technology carbon fibre reinforced PES thermoplastic which is ultimately 
considered as the joint material. Perspex has been used as a modelling material for dynamic
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vibrations on a number of occasions. O’Neill, 1989, performed work on the vibrations of large 
flexible structures using perspex as the modelling material underlying a good agreement 
between the experimental and numerical predictions. Sparry, 1991, also used the material in 
conjunction with models fabricated from the high technology thermoplastic and in general 
found good correlation between the experimental and numerical results.
Altogether, three test models were fabricated from the perspex material. Their 
construction enabled a progressive observation of the effects that the joint would have on the 
dynamic characteristics of a single structural member. In addition to a single 2m structural 
member that possessed no joint, two joint models were fabricated each with the joint situated at 
the centre of a structural member. The first of these simulated the condition in which the joint 
exhibited no clearance between the collar and the joint body, thereby rendering the model 
linear. By using an appropriate adhesive the joint was effectively bonded whilst positioned in 
the deployed state. The second model was left unbonded such that a small clearance was 
present within the joint. This enabled the joint to experience the nonlinear condition of free 
rotational play.
The spring which forms an integral component of the deployment mechanism, was 
neglected from each of the jointed test models. The component was considered not to contribute 
to the dynamic performance of the models as the joint was under investigation in the deployed 
state. It was thought that inclusion of the spring would therefore have no beneficial aspect on 
the results and could possibly lead to complications.
Preliminary tests performed on each of the test models showed that the perspex 
inadequately represented the nonlinear behaviour expected from the unbonded joint model. It 
was found that the fabrication resulted in the joint possessing areas of substantial friction 
between the collar and fitting components. Although deployment of the structural member 
could be achieved with care, the areas of frictional contact hindered the free rotational play 
under the induced dynamic forces of the test. Such a condition resulted in the model possessing 
a similar behaviour to that shown for the fully bonded joint model. Closer examination of the 
joint construction revealed the collar to possess a non-uniform cross section along its length 
thereby giving rise to the areas of ’stiction’ between the two surfaces of the collar and fitting 
component. While this was probably a consequence of the extrusion process of manufacture, 
further machining to eliminate this was thought impractical.
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The problem so described rendered the perspex models unsuitable for modelling the 
joint behaviour under investigation. Attention was therefore turned to an alternative material to 
fulfil the accurate modelling requirements. Even so, the perspex models of a single structural 
member with no joint and a single structural member with a fully bonded joint were analysed. 
Their linearity enabled the implementation of modal testing which proved beneficial experience 
for the future testing of other models.
5.5.2 Aluminium / Brass
Aluminium and brass offered another cheap alternative to the relatively expensive 
thermoplastic material with which the development of the test models would have proved too 
costly. The beneficial use of aluminium and brass over perspex lay in the ability to machine the 
materials to the higher tolerances necessary for the smooth operation of the flexible joint.
The majority of the test models were fabricated from aluminium with brass being 
employed for interfacing components. Here, movement between the various components of the 
joint would cause ’stiction’ and accelerated wear should aluminium only be used. The link plate 
and sliding collar components of the joint were two areas where this would occur and therefore 
these were fabricated from brass.
Altogether four test models were fabricated in this manner. The first of these involved 
no joint and comprised of a single aluminium tube, 2m in length. Following the same 
principles expressed for the manufacture of the perspex test models, two jointed test models 
were fabricated, one in which no clearance was simulated between the collar and joint body and 
one in which the joint was fully functional. By ensuring that the joint could be dismantled, both 
these jointed test models were fabricated from one unit. For the model exhibiting no gap 
between the collar and joint body, a split collar was utilised which could be tightened in place 
with the use of four small bolts. This effectively clamped the joint in a deployed position and 
restricted any possibility of rotational free play. The ability to dismantle this assembly enabled 
the replacement of the split collar with a sliding collar over one of the fitting components of the 
joint. Once reassembled, the collar could be moved along the joint to finally rest over the 
central pivoting region thus representing the fully functional joint which exhibits the 
characteristic rotational free play.
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Both these test models are illustrated in the figures 5.2 to 5.5. They show the models in 
both component form and fully assembled.
Fabrication of the redesigned joint constituted the fourth model in this test series. As 
previously mentioned, the design incorporated a taper along the entire length of the joint body 
such that the outer surface of the fitting components and the internal surface of the sliding 
collar were similarly matched in profile. A taper of 1 ° arc guaranteed that once full 
deployment had been achieved, a friction bond was generated between the fitting components 
and the sliding collar, thereby restraining any free movement in the joint mechanism.
Formation of the taper involved machining the fitting components as one unit. The slot 
required to accommodate the link plate, and the holes necessary for the mechanical fasteners 
were machined prior to the unit being split in two to produce the two fitting components. These 
were then finished to the required dimensions.
Manufacture of the fitting components in this manner ensured the alignment of the taper 
along the entire length of the joint. Owing to the discontinuous nature of the fitting 
components, it is possible for the components to become misaligned leading to an incomplete 
friction bond with the collar. Such a condition would leave one of the fitting components 
unrestrained by the sliding collar enabling the occurrence of rotational free play. By 
prefabricating the flexible joint as one unit, this problem was minimised, thereby guaranteeing 
that both fitting components become friction bonded with the tapered collar at the same 
juncture. The whole joint assembly is shown in both component and assembled forms in the 
figures 5.6 and 5.7, respectively. Further to the model, figure 5.6 illustrates a split collar and 
lever arm assembly which was found necessary in order to break the friction generated within 
the joint for disassembly. This collar was mounted on the threaded section immediately above 
the sliding collar and turned so as to force the sliding collar from the fitting component.
Despite the attempts to ensure the correct alignment of the fitting components at 
deployment, misalignment was found to be a problem. The manufacturing tolerance on the 
mechanical fasteners used to pin the link plate and fitting components together, proved 
insufficient to prevent the fitting components becoming misaligned as some play was inevitable 
in these areas. Initially the tapered joint utilised a brass link plate, similar to that employed 
within the clamped and free joint models. By using a low modulus material in place of the
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brass the problem could be overcome by straining the link plate to ensure that both fitting 
components formed friction bonds with the collar. The link plate was also fabricated to a 
fractionally smaller length than that required for the correct alignment of the fitting 
components. This ensured that as the collar resides over the joint, a friction bond was 
generated at both ends due to the straining of the link plate.
Figure 5.8 schematically illustrates the deployment procedure utilising the low modulus 
material for the link plate. Components A, B and C become aligned due to the same 
mechanical principles employed with the original joint design. Component D, the collar, thus 
slides over the joint and initially forms a friction bond with the farthest fitting component due 
to the shorter dimensions of the link plate. Still under the action of an axial force from the 
spring, the locked fitting component and collar consequently extend the link plate until the 
other fitting component, C, becomes locked with the collar, D. Both ends of the joint, 
therefore, become friction locked with the collar, eliminating the rotational free play 
responsible for the geometric nonlinearity.
For experimentation purposes, Polytetrafluoroethylene, PTFE, was found to be 
appropriate. For space applications, however, it was recognised that a more suitable material 
will need to be found. The material should ideally exhibit a high lateral and torsional stiffness 
for stowage and initial deployment purposes, and possess a low axial stiffness for the final 
deployment as described above. In addition, the material must also meet the rigorous demands 
of the space environment and further work in this area is required.
5.6 Frequency Response Analysis
5.6.1 Introduction
The frequency response characteristics of structures to dynamic forces is a well 
understood discipline with respect to structures that describe linear properties. The response of 
nonlinear structures, however, is not nearly so well understood even though considerable 
research has been performed in recent years. The experimental study of linear structures has 
culminated in the modal analysis technique within which the dynamic properties of the 
structural system can be derived according to the nature of the resonant frequencies. The
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procedure is based on obtaining the frequency response function of the system under test and 
numerically curve fitting in order to mathematically assess the dynamic properties. Although 
the process incorporates the essential assumption that the structural system under test exhibits 
linear behaviour, the frequency response function can be used to identify nonlinearity within 
the system. The test procedure adopted, therefore, examines the frequency response function 
from which a comparison can be drawn between the various test models.
The frequency response analysis was applied to both the perspex and the aluminium / 
brass test models. Due to their linearity, however, the modal analysis technique was also 
applied to the perspex models for comparison with numerical predictions.
The section will discuss some of the theoretical background associated with the analysis 
method and will describe the experimental procedure undertaken. Results obtained from the 
investigation are presented in section 5.8.
5.6.2 Background
The theory behind the modal analysis technique is well documented (Ibdnez, 1973, 
Ewins, 1984, Niedbal and Hiiners, 1986) and will not be presented in full. The methodology 
behind the frequency response function, however, will be discussed in conjunction with the 
appropriate application to the identification of nonlinear structures.
Essentially the procedure measures the structural response of the system under test 
according to dynamic excitation. Both the force input to the system and the corresponding 
response are monitored with respect to time and subsequently transformed into the frequency 
domain. The transformation effectively displays the frequency spectrum of the time history and 
indicates the corresponding harmonic waveforms that, when summated together, form the 
periodic waveform observed in the time domain. Should the periodicity of the transient 
waveform be of a finite time, then this transformation is known as the Fourier series, where the 
waveform is comprised of a finite number of harmonic waves. If, however, the time period of 
the function increases indefinitely the function becomes nonperiodic and the Fourier series 
representation becomes the Fourier integral representation. Considering the latter, the more
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general case for periodic waveforms, it can be shown (Meirovitch, 1967) that the Fourier 
integral of f(t) be represented as;
f  (t) = — f F(w)eiwt dw (5.1
2n J
and
F  M = f  M e ~ M dt (5-2)
is the Fourier transform of f(t). The function, F(w), can thus be regarded as the frequency 
spectrum of the input waveform used to excite a structural system.
Similarly, if the response time history is denoted by x(t), the Fourier transform may be 
written as;
X  (w) = J  x(t)e~iM dt (5 .3)
which defines the frequency spectrum of the response obtained from the structural system.
By means of an arbitrary weighting function, h(t), the relation of the response 
behaviour due to a known excitation waveform in the time domain can be expressed in the 
frequency domain as;
to
H  (w) = f  h(t)e 'M dt (5 .4)
— 00
where, H(w), is the Fourier transform of the weighting function, h(t), and is called the 
frequency response function.
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The frequency response function can therefore be defined as;
X  (w) = F  (w) H  (w) (5.5)
(5.6)
Where h(t) describes the characteristics of the structural system in the time domain and 
its Fourier transform, H(w), describes the structural characteristics in the frequency domain. 
The frequency response function, therefore, defines the relationship of the transformed 
response due to the transformed excitation.
This description outlines the experimental principles associated with the frequency 
response analysis. Once both the response and input excitation waveforms are recorded in the 
time domain, application of the Fourier integral reduces the frequency domain representation. 
Dividing the response by the input results in the required frequency response function. This 
discrete data representation of amplitude against frequency, however, does not readily give 
information about the properties or behaviour of the structure under test and in order to deduce 
these, a numerical procedure is adopted based on the fundamental equations of motion. The 
mathematical manipulation of the data essentially forms the methodology behind the modal test 
and although the whole procedure is not presented here an indication is given of the parameters 
that determine the frequency response function.
With consideration to a multi degree of freedom system that possesses a finite number 
of degrees of freedom, the equations of motion due to a forced harmonic excitation are;
where [M] and [K] are the square mass and stiffness matrices respectively and [H] is a general 
damping matrix that may define hysteretic structural damping.
[ K  + iH -  w2M  ] {x}eiwt = {/}<?** (5.7)
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Consequently,
M  = [ K  + iH -  wzM  ]-1 {/} = [ a(w) I {/} (5.8)
where [a(w)] is the receptance matrix and is generally referred to as the frequency response 
function of the system. A general element of this matrix can thus be defined as;
which relates the response of the system at point j to an excitation applied at point k.
Numerical application of the above frequency response function, however, is noted to 
be very inefficient as the system matrix is required to be inverted at each frequency. To 
overcome this inefficiency the frequency response parameters are found utilising the 
orthogonality properties of the system mass and stiffness matrices. Equation 5.8 is 
premultiplied by the mass normalised eigenvectors and subsequently postmultiplied by the 
transpose of the mass normalised eigenvectors such that;
*
= i
\ h )
(5.9)
[ «(w) ] = m  [ (A? -  W2) ]-1 [d>F (5.10)
where
* r  = Wr (1 + »Tlr) (5.11)
from which any one frequency response function element can be extracted and expressed as;
where A is known as the modal constant, relating the mass normalised modal vector element at 
point j for mode r with the mass normalised modal vector element at point k for mode r.
A rJk = (5.13)
The constant therefore defines the relationship of the mode shape between discrete points across 
the structure. Its value will vary depending upon the sign of the constant determined by the 
relative phase of the two points; the magnitude is dependent upon the relative amplitude.
The series expansion undertaken within the numerical procedure makes the assumption 
that there are N discrete mode shapes within the system. For continuous structures, this will 
not be the case as theoretically an infinite number may exist. The finite discretisation of the 
structure for experimentation, however, limits the number of degrees of freedom from its 
continuous nature and hence restricts the number of available mode shapes that can be 
identified. The accuracy of the numerical procedure, therefore, is limited by the refinement of 
the experimental testing undertaken, although in practice fewer modes of the structure are 
required than are available. The curtailment of some of the higher modes, however, may 
influence the estimation of structural parameters from the frequency response function as 
interaction of the higher modes on the lower modes will be neglected.
The extraction of the modal parameters from experimental data is undertaken by a 
curve fitting procedure in order to obtain information regarding the structural properties. 
Although many curve fitting procedures exist (Pappa, 1986) their use incorporates the basic 
assumption that their response becomes dominated by a single mode closest to the resonant 
frequency. The peak amplitude is the simplest of these methods in which the individual peaks 
of the frequency response function indicate the natural frequencies. From the shape of the peak, 
the corresponding damping and modal parameters can be estimated. The circle fit method, 
however, has become a popular, more elaborate method in which the properties of the Nyquist 
plot are exploited. The method encompasses two procedures that are based on an underlying 
assumption about the nature of the frequency response function. The single degree of freedom 
procedure lends itself to simplicity in that the interaction of surrounding modes are ignored.
The procedure is thus only suitable for structures experiencing widely spaced modes, although 
it also becomes inappropriate for lightly damped modes. Structures experiencing a relatively
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high modal density, therefore, employ the multi degree of freedom procedure, which, although 
computationally more intense, accounts for the interaction of surrounding modes.
As previously mentioned, the application of the numerical procedure to evaluate the 
modal parameters, undertakes the assumption that linearity prevails within the system under 
test. For most practical situations this will hold true where the principle of linear superposition 
is observed and doubling the excitation force results in the doubling of the response. In the 
presence of structural nonlinearity, however, the theory can no longer be upheld and the 
implementation of parameter extraction techniques becomes inappropriate. Although this 
restricts the complete analysis of such structural systems, the effect of nonlinearities on the 
frequency response function can be used to identify the presence of nonlinearity, and, in some 
cases the type (Tomlinson and Kirk, 1984, Singh et al., 1984, Mertens et al., 1986). 
Characteristically, the frequency response function becomes distorted according to the level and 
position of excitation, with experimental data often becoming unrepeatable. In addition the 
principle of linear superposition is not upheld and doubling the excitation force does not lead to 
a doubling of the response. With this in mind, the experimental investigation paid close 
attention to the frequency response function in an attempt to identify these traits and hence the 
likelihood of nonlinearity within the test model under consideration.
5.6.3 Hardware
The hardware required to carry out the testing involved a number of units interlinked 
with a central waveform analyzer. The arrangement is schematically illustrated in figure 5.9, 
where the HP3562a dynamic signal analyzer forms the hub of the experimental set up with a 
number of periphery units attached for support.
The HP3562a dynamic signal analyzer is a dual channel waveform analyzer capable of 
performing a number of measurement techniques (Hewlett Packard, 1984). A comprehensive 
range of test sources are available for excitation purposes along with a substantial number of 
post analysis capabilities. Technically, the analyzer may cover the frequency range dc to 
lOOKhz with an amplitude range of 80dB measured to an accuracy of ±0.15dB. Such 
specifications provide a highly accurate measurement capability suitable for the low frequencies 
that will be considered during the experimental investigation.
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The ability to transform the time domain data to the frequency domain forms the key 
requirement to obtaining the frequency response function. In order to accomplish this the 
analyzer offers two different techniques based on the Fourier transform; the Fast Fourier 
Transform analysis (FFT), and the Swept Fourier Analysis (SFA). Both analysis types involve 
numerical integration which is performed on a digitised sample of the continuous analogue 
signal. The analogue to digital conversion is performed continuously at a rate of 3.91 /xsecs. 
although the required sampling is undertaken according to the length of time record and the 
number of samples available within the time record.
The FFT is essentially an algorithm for transforming data from the time domain to the 
frequency domain in a fast and efficient numerical manner. Its methodology is equivalent to the 
use of 800 adjacent and overlapping frequency bandpass filters, the frequency span of which is 
selectable by the operator. An averaging process also implemented in the procedure provides 
the advantage of reducing the variance between measurements.
While the FFT may effectively be employed on any time domain waveform, the SFA 
specifically employs the swept sine source as a means of excitation. Therefore, unlike the FFT, 
the measurement process is only concerned with measuring the gain and phase shift of the 
fundamental component associated with the stimulus signal and the response signal. The 
process thus uses a different form of the FFT to represent the 800 bandpass filters, essentially 
emulating a single tracking bandpass filter. A series of measurements are therefore recorded at 
different frequencies such that the corresponding frequency response function may be built up 
over the frequency range of interest.
There are several advantages associated with both types of measurement techniques. 
With respect to the FFT, the technique offers the use of a wide range of stimuli type which 
increases the resources available for characterising a structural system. Typical excitation 
waveforms may cover actual operating signals, fixed sine waves, random noise or impulse type 
stimuli. The advantages associated with the SFA, however, involve the ability to constantly 
monitor the signals with cross reference to past measurements. This enables the DSA to adjust 
several aspects of the analysis concurrently. Sensitivity and frequency resolution are among the 
analysis parameters that can be adjusted along with the capability of signal rejection due to the 
amplitude exceeding a specified range.
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For the essential storage of data, a desktop computer was coupled with a direct link to 
the DSA . A Hewlett Packard 300 series computer was employed for this task which also 
provided the necessary computing power for the subsequent numerical modal parameter 
extraction techniques.
Other peripheral devices included the use of a Ling power amplifier and associated 
electromagnetic shaker. The Ling Dynamic Systems 200 series vibrator (Ling, 1985) provided 
the dynamic excitation force with an operating range of dc to 13 KHz and maximum throw of 
±  2.5 mm. A thrust level of 17.8 N could be achieved under natural cooling with the option of 
forced air cooling, although this was found unnecessary during the experimental investigation.
Preamplification of the electrical signals from the measurement transducers was 
achieved with the use of a multi channel charge amplifier. The amplifier utilises the charge 
produced by the piezoelectric transducers to produce a voltage with sufficient power to be 
recorded by the waveform analyzer.
5.6.4 Software
To enable the required post analysis of test data to be performed satisfactorily, a series 
of software packages was incorporated on the desktop computer. Supplied by ENTEK, the 
packages possess the capability of acquiring test data from the DSA and performing the 
subsequent curve fitting routines. Graphical representation of the results enhance the 
understanding of the structure under test as modal shapes and curve fitting sequences can be 
displayed.
The extent of this post analysis facility results in a conclusive assessment of the 
structure under test. Output obtained concerning the structural properties can then be used to 
modify numerical models (Ceasar & Peter, 1987, McCulloch et al., 1990) should their 
predictions be inaccurate.
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5.6.5 Measurement Devices
Dynamic excitation of the test structure required the use of accurate and sensitive 
measurement devices in order to monitor the rapidly changing state. Although a number of 
transducer types are available, such as strain gauges and piezoresistive transducers, the 
piezoelectric transducer has become the most popular and widely used device for such 
measurements.
The measurement of force throughout the experimental investigation utilised a 
transducer based on the piezoelectric type. Construction of the transducer primarily involved 
the use of a small crystal of quartz which when stressed produces a small electrical charge that 
is proportional to the stress being applied. A small mass incorporated into the transducer 
provides the required loading on the quartz disc in a compression manner (Briiel & Kjaer, 
1978). In general, the transducer provides an accurate measuring device which caters for a 
broad range of loading range.
The response of the test structure to dynamic excitation was measured utilising the 
piezoelectric type accelerometer, which produces an electrical charge proportional to the 
acceleration of a small vibrating mass fabricated within the device (Briiel & Kjaer, 1978, 
Smith, 1989). The sensitivity of the accelerometer is dependent on the size of the vibrating 
mass, although this should be considered in conjunction with the expected levels of excitation.
The useful frequency range exhibited by these transducers depends on a number of 
considerations. Primarily, the internal resonance of the vibrating mass will limit the upper 
frequency range. This restriction will not only be determined by the mass and stiffness of the 
elements within the transducer but also on the method employed to attach it to the test 
structure. The lower frequency limit, however, will be determined by the type of preamplifier 
used for the subsequent recording of the signals. The charge nature of the transducers ensure 
that this limit is essentially dependent on the impedance of the electrical circuit and therefore 
may cater for very low levels of excitation. Providing the internal resonance of the transducer 
is thus sufficiently high, these devices provide a broad frequency range for measurement, 
suitable for the low frequencies of interest within the experimental investigation.
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The transducers are designed to possess a primary sensing axis that is in accordance 
with the flat mounting surface. Typically the sensing axis and the mounting surface are 
perpendicular, although due to the physical nature of the device, a small amount of transverse 
sensitivity will exist. Normally this amounts to approximately + 5% of the primary axis and as 
a consequence, the axis of greatest sensitivity is not perpendicular to the mounting surface.
This presents a drawback associated with this type of device and it is therefore important to 
ensure that uniaxial accelerometers are employed which characterise a low cross axis 
sensitivity.
A problem with the piezoelectric type of transducers involves their sensitivity to 
temperature. Low frequency drifting may result from temperature fluctuations which will 
influence the measured signal. This can also affect their calibration.
Techniques employed to mount the transducers are found to influence the response 
measured. Of importance is the respective mass of the transducer and its mounting to the mass 
of the structure under test. Should this ratio become too large then the measurement device will 
ultimately effect the way the structure will behave. At low frequencies, the inertia will play a 
significant role, whereas at the higher frequencies, the effect is found to be dependent on the 
ratio of the bending wavelength to the beam length (Mace, 1991). As a guideline, this mass 
ratio of the test structure to the transducer should be of the order of ten (Briiel & Kjaer, 1978). 
The mounting technique employed to attach the transducer to the test structure must provide a 
rigid and flat connection between the two surfaces. Although various methods have been 
proposed, their implementation primarily depends on the frequency range of interest. Most of 
the problems associated with the mounting, however, are related to high frequencies and since 
lower frequencies are examined during the investigation, thin double sided tape was thought 
sufficient to attach the lightweight accelerometers. In order to provide a flat mounting surface 
on the radial exterior of the structural member, a perspex collar was fabricated and clamped to 
the member. Due to its larger size, the force transducer utilised a threaded stud to secure the 
base of the transducer to the perspex collar providing a more substantial fixing.
The electrical connection of the transducers to the respective preamplifier utilised 
coaxial micro dot cabling. The cables possess low noise characteristics although problems 
would arise if the cable screen became separated from the conductor. In this case, a release of 
charge is initiated which can become significant if the cable were to undergo large motions. It
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was important therefore, that the cables were prevented from dynamic motion by securing them 
to the structure near the test point.
Signal preconditioning required for the piezoelectric type transducers involved the use 
of a charge amplifier. The signal produced by the transducers was of low power and required 
conditioning to the appropriate calibration levels. The nature of the amplifier utilised the 
measurement devices as a charge source which effectively nullifies the capacitance effects of 
the cables. A voltage signal of relatively high power is obtained from the amplifier output 
proportional to the charge input such that measurement of the signals can then be obtained.
5.6.6 Excitation
There exist a wide variety of stimuli types which could be used to excite the test model 
under investigation. The majority of the more complex signals depend primarily on the 
capability of the DSA to generate them. The advanced facilities of HP3562a DSA used during 
this investigation, gave the ability to generate noise or sine type stimuli whilst also being able 
to handle impulse or real excitations that originate from the test structure itself. Ultimately the 
type of stimuli employed, largely depends on the type of structural characteristics that would be 
exhibited by the test model.
For linear systems, the choice of stimuli type largely depends on the ease and speed of 
application. For systems that possess nonlinear characteristics, however, the choice requires 
some further consideration.
Ideally the stimuli should represent the same characteristics as those to which the 
structure will be exposed. This, however, is often a difficult presumption to validate. Although 
random noise stimuli are commonly used to excite structures with nonlinearities, their use will 
suppress the effect of the nonlinearity rather than enhance it. This is particularly the case with 
amplitude dependent nonlinearities where the frequency response is the average of a number of 
responses taken at several stimulus levels. In addition, the waveform of a random signal may 
induce significant noise should the structure exhibit a clearance type nonlinearity. Impulse 
stimuli are also found to be inappropriate with respect to amplitude dependent nonlinearities. 
Unless it is ensured that the impulse is repeatable, the frequency response function can only
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consider a singular test. This may introduce the possibility of erroneous signals within the 
frequency response function which are normally taken out by an averaging process. While the 
test models under investigation effectively exhibit both an amplitude and clearance type 
nonlinearity, the implementation of a sine wave stimulus was thought to be more appropriate. 
The response using this type of stimuli is measured according to the frequency of excitation 
which can be stepped across the range of interest.
The electromagnetic shaker used to generate the sinusoidal force was placed in a free 
environment, suspended by nylon cord. To ensure the force generated by the shaker was used 
to excite the test model, the mass of the shaker was made substantially larger than that of the 
model. Suitable connection between the electromagnetic shaker and the force transducer was 
provided with the use of a short rod, known as a ’stinger’. The flexible nature of the stinger 
promoted the transmission of axial forces from the shaker to the model without the introduction 
of bending moments. Accurate alignment of the two bodies also ensured that out of plane 
forces were also minimised.
5.7 Force State Mapping
5.7.1 Introduction
The force state mapping technique is a relatively new approach to the identification of 
nonlinearity in structural systems. Developed by Crawley et al., 1986, the experimental based 
technique can potentially identify, and quantify, the nonlinearity associated with most structural 
systems. In the papers they publish (1986,1987), the authors specifically apply the technique to 
truss joints that are intended to be used for construction in space. In particular, they consider a 
sleeved pin joint of similar appearance to that considered in this project.
The objective of the technique is to produce a three dimensional graphical plot of the 
force transmitted through the structural system against the corresponding velocity and 
displacement. The surface, or map, so produced then represents the force as a function of the 
velocity and displacement of the structural system.
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The nature of the technique results in a unique and recognisable surface characteristic 
of the nonlinearity within the joint. The form of the surface may also indicate combined 
nonlinearities as the map possesses the property of superposition. Such a feature of the 
technique enables the identification of individual nonlinear components which constitute the 
overall response of the joint.
The theory behind the technique is presented in this section along with the application 
and experimental configuration employed. The technique is primarily aimed at identifying the 
effects the free joint model will impose on the dynamic behaviour of the structural member and 
consequently assesses the implications of the redesigned tapered joint. For this reason, the 
experimental method was confined to testing the aluminium / brass models as no advantage was 
to be gained from investigating the performance of the perspex models. The results obtained 
are presented later in conjunction with the findings from the frequency response analysis.
5.7.2 Background
The graphical representation of the force state map associated with any structure can be 
visualised if initial reference is made to the response of a linear single degree of freedom spring 
model. The equations of motion which govern its response to forced dynamic excitation can be 
written as;
F (t) = Mx + Cx * Kx (5.14)
where F(t) is the excitation force as a function of time,
M is the structure mass,
C is the structure damping,
K is the structure stiffness,
x denotes the first derivative of x with respect to time.
The corresponding graphical plot of force as a function of the mechanical state
produces the map shown in figure 5.10. The surface is noted to be planar in form with constant
slopes dependant on the parameters C and K.
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While the force transmitted through a linear spring can be related to constant 
parameters, the introduction of nonlinearity results in the transmitted force relying heavily on 
the mechanical state of the system. The dynamic response of the system will thus be governed 
by a motion dependent force that can be described as;
F (f) = Mx + f  (x,x) (5.15)
where, f, the force produced by the joint can be any function of the displacement and 
velocity. Equation 5.15 then represents the general equation governing the motion of a 
nonlinear single degree of freedom system. Rearranging this equation;
/ M  = F -  Mx = FNEr (5.16)
enhances the net force relationship that emanates from the joint, where T  can be 
considered as a motion dependent force. Thus if the time history of the applied force and 
acceleration are known, the force transmitted can be ascertained and the relevant characteristics 
of the joint can be determined as a function of its mechanical state. Ultimately a three 
dimensional graphical plot of the net force, (F - Mx), against displacement and velocity will be 
obtained representing the force state map of the structural system.
The experimental method proceeds with the data acquisition of the force and 
corresponding derivatives of displacement at each interval of time. These are plotted in three 
dimensional space to form a repeatable surface, the nature and shape of which will be 
independent of the time history and force applied. Any deviation from the planar surface 
characteristic of a linear system would then indicate the presence of nonlinearity, the nature of 
which forms a unique and identifiable surface.
The technique identifies the response of the structural system according to harmonic 
excitation. Frequencies to which the test models were excited were based on the observations 
made by the authors. They noted that in order to calculate the force transmitted by the joint, a 
knowledge of the mass is required to calculate the inertial force, which for some structural 
systems is difficult to know accurately.
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Equation 5.16, however, highlights that the sensitivity of the measured transmitted 
force to the mass, is proportional to the relative magnitude of the inertial force compared to the 
applied force. If the inertial force is therefore small compared to the applied force, the 
transmitted force is relatively insensitive to the uncertainty in the mass. Frequencies at which 
the inertial force is low compared to the applied force will occur below the natural frequency. 
On this basis, suitable frequencies were chosen for each of the test models based on the 
individual test data from the frequency response analysis. For the structural member with no 
joint, a frequency of 30 Hz was found appropriate while for the clamped joint test model, 12 
Hz, was chosen. A low frequency of 5 Hz was necessary for the free joint test model whereas 
the frequency response spectrum of the tapered joint suggested a frequency of 12 Hz was 
adequate.
5.7.3 Excitation
The background theory presented, encompassed analytical equations which undertook 
the assumption that the information of force was readily available throughout the state space of 
interest. Should there be insufficient data available then the map will become disfigured.
In order that the state space be sufficiently populated to include force information 
within the maximum bounds of interest, excitation of the test models involved the application of 
a linearly modulated sinusoidal waveform. The corresponding phase portrait for a linear system 
is illustrated in figure 5.11, and highlights that from the stable equilibrium point at the origin, 
the trajectory of motion follows an outwardly spiralling circle according to the forcing function. 
Should the force be evaluated at discrete points along the trajectory, then a map similar to 
figure 5.10 will be formed. If, however, the forcing sinusoidal waveform were not modulated, 
then a steady state trajectory will be described in the phase plane as shown in figure 5.12. 
Should the corresponding force be evaluated at discrete points along this trajectory then the 
map shown in figure 5.13 will be formed. Clearly a ’hole’ has developed within the surface 
due to the lack of force data within the circle described in the phase plane.
The experimental procedure therefore utilised a sinusoidal forcing waveform which 
linearly varied from zero to the maximum amplitude of interest. This guarantees that force
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information is obtained from the origin of the phase plane spiralling outwards to the maximum 
amplitude.
5.7.4 Hardware
The experimental configuration employed several features encompassed within the 
frequency response analysis previously discussed. The set up, schematically shown in figure 
5.14, resides in two divisions, that which controls the measurement process and that which 
controls the excitation procedure.
The HP3562A DSA forms the backbone of the measurement process with its dual 
channel data acquisition facilities. The analyzer records a digital waveform in the time domain, 
captured over the time period of interest. Due to the characteristic nature of DSA possessing a 
fixed number of data samples within the data record, consideration was paid to the total time 
period of the data record in accordance with the required sampling frequency. These are noted 
to be inversely proportional to one another;
T  “  7 ' ~ - k  ( 5 ' 1 7 )f t  A t
where T is the time period and ft the sampling frequency. The choice of sampling frequency 
primarily depended on the excitation frequency. It was important to capture a sufficient number 
of cycles within the time record in order that state space was adequately spanned whilst 
retaining a reasonably high sampling frequency to record an accurate account of the changing 
state. The appropriate sampling frequency was therefore chosen according to the model under 
test.
The acquisition of the data in the time domain required the use of an external mass 
storage medium. The process by which the DSA records the time record involves the direct 
dumping of data to the disk drive. Subsequent observation and mathematical processing is then 
performed by the DSA although this requires the information to be recalled from disk.
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The two channel nature of the DSA restricted measurement of the response as ideally 
three forms of the response are required to construct the force state map. While the 
measurement of force was imperative, the acquisition of motion could be performed in either 
the acceleration or velocity sense. This was made possible by the subsequent implementation of 
numerical integration which would yield the corresponding velocity or displacement 
waveforms. For reasons discussed later, the choice of force and acceleration was made where 
an associated charge preamplifier was also required in the experimental set up.
The generation of the excitation waveform describe in the previous section was beyond 
the capabilities of the DSA and therefore required further equipment for its creation. A 
computer based digital to analogue converter, supplied by CIL, was employed for this purpose 
which enabled the computer to form a controllable environment. A simple program numerically 
generated the modulated waveform at the required frequency and processed the data through 
the digital to analogue converter. The resulting analogue signal was subsequently passed 
through a power amplifier before reaching the electromagnetic shaker.
Owing to the separate nature of the measurement and excitation processes, 
synchronisation of the two procedures was an important requirement for recording 
comprehensible data. To achieve this, a facility within the DSA enabled the measurement 
process to commence without the subsequent recording of data until a specified response 
amplitude had been achieved. This guaranteed the measurement process to be dependent on the 
response of the structure and hence the implementation of the excitation waveform. An 
additional ’trigger delay’ feature within the DSA ensured that the initial part of the response 
was recorded, thereby resulting in the required response according to the excitation that 
spanned from zero to the maximum amplitude of interest.
Subsequent processing of the recorded data required the implementation of a desk top 
computer compatible with the DSA. The layout utilises the HP 300 series computer such that a 
direct communication link employing the HP-IB interface system allows the transfer of data 
between the two. The data is also reformatted during this process which enables the 
implementation of other software programs essential for the creation of the desired three 
dimensional graphical plot.
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5.7.5 Software
Processing of the recorded data required the information in a universal format 
recognised by the subsequent application software programs. The problem stems from the 
recording process employed by the DSA, which, due to the advantages of speed with respect to 
information processing, recorded the data in HP internal binary code. This format was only 
useful for applications within the scope of the DSA. Any further processing outside of these 
confines required the data in a universal format. A software program written on the HP 300 
series computer used the HP-IB interface system to transfer the data from the DSA to a suitable 
mass storage medium in the ASCII format. The data was then suitable for use with most 
numerical applications.
Acquisition of the corresponding velocity and displacement waveforms from the 
acceleration data involved the implementation of a numerical integration procedure. Although 
there exist a number of elaborate and sophisticated methods (Davies and Rabinowitz, 1967), the 
characteristics of the waveform rendered the simple trapezoidal rule method as the most 
appropriate. Application of the integration process once would result in the velocity waveform, 
while implementation a second time would clearly result in the associated displacement.
5.7.6 Measurement Devices
The two channel nature of the DSA constrained the response measurement to that of 
force and either acceleration or velocity. With application of numerical integration the 
corresponding displacement waveform can be obtained thereby generating the three responses 
required for the construction of the force state map.
The measurement of force was pursued in a similar manner to that discussed for the 
frequency response analysis. A piezoelectric type transducer which produces an electrical 
charge proportional to the loading was placed at the point of excitation. The transducer was 
affixed in position with the aid of a threaded stud and perspex collar such that a rigid mounting 
was achieved.
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Measurement of the response, however, depended on a number of considerations. It 
was recognised that the use of piezoelectric accelerometers, used during the frequency response 
analysis, are not recommended at the low frequencies of interest during the experiment . This 
is primarily due to their low output at the low accelerations experienced with these frequencies 
(Collacott, 1979, Crawley, 1986). However, with the use of charge preamplifiers, the typical 
low frequency limit of these accelerometers can be made very low (Briiel and Kjaer, 1978) and 
therefore a prospect.
In addition to the piezoelectric accelerometers that were available, a magnetic, or 
inductive type velocity transducer was also considered. A small ferromagnetic disc connected to 
the structure provides the necessary flux density for detection, as the structure vibrates relative 
to the fixed transducer. The magnetic flux, however, was found to be sufficient to induce a 
disturbing force on the test model. Owing to the free nature of the support environment, this 
force displaced the test model away from the transducer and to one side. This, coupled with its 
low amplitude range, which was thought to be exceeded at the low frequencies of interest, 
rendered the practical use of the transducer inappropriate for the experiment.
Although the problems expressed with respect to both transducer types render their use 
susceptible, the accelerometer was adopted owing to its more favourable characteristics. The 
accelerometer was mounted on the structural test model with the aid of thin double sided tape, 
utilising the flat surface provided by a perspex collar.
Low noise, micro dot cabling was employed to connect the transducers to the respective 
amplifier. Again, care was taken to ensure that cable motion was prevented, minimising noise 
generation which could lead to spurious signals.
5.7.7 General Observations
Initial observations of the acceleration response revealed a noisy, highly fluctuating 
waveform as shown in figure 5.15. Although the underlying response due to the excitation 
waveform can be seen, a complementary high frequency response is also present. This may be 
attributed to background noise but appears to be too significant to be interpolated as noise.
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Attempts to isolate the cause revealed the digital to analogue converter to be the 
originator. The converter processed the numerically generated waveform at approximately 2.6 
msec, per data point. During this time, large capacitors hold the analogue signal at a constant 
value until the next point has been processed. A stepped waveform, rather that a continuously 
varying sinusoidal waveform is thus produced. The corresponding stepping nature consequently 
has the effect of inducing the high frequency accelerations in the test model.
Although attempts were made to reduce this, the frequency was of sufficient value so as 
not to introduce a similar response on the measured force. Upon integration of the acceleration 
waveform, the high frequency content apparently did not offset the nature of the velocity and 
displacement waveforms. Since the acceleration was not to be used in the production of the 
force state map, the method of generating the excitation waveform was therefore considered 
acceptable.
Numerical integration of the acceleration response resulted in a velocity waveform that 
contained low frequency drifting. Further numerical integration of the acceleration response to 
obtain the displacement waveform, enhanced the presence of the drifting which now clearly 
dominated the response obtained from the excitation. Figure 5.16 illustrates the displacement 
response obtained from a few tests indicating the variability of the drifting encountered.
Although the low frequency nature of the drifting is a characteristic of the transducer 
susceptibility to temperature changes, the regulated environment of the laboratory suggested 
that other causes were involved. Indeed the sensitivity of the accelerometer suggested that low 
frequency motions of the test model excited by air currents could be a contributory factor. Such 
motions may also be a result of the initial test set up where the long pendulum nature of the 
support system involves prolonged time decaying oscillations. Even though extended measures 
were taken to minimise these possibilities, the drifting nature of the response appeared 
unaffected. Other causes associated with the observation were noted to lie in the electrical 
system employed for the measurement process. The characteristics of the charge amplifier can 
introduce phase nonlinearities (Briiel and Kjaer, 1978) which cause low frequency components 
within the measured transient response. The fabrication of the accelerometers is such that 
charge differentials may arise within the piezoelectric disc giving rise to a slow decaying 
transient signal. Although such slow variations in the signal do not affect the RMS value, they 
can alter the peak values monitored.
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In general, the variability of the drifting was noted to be considerably different from 
test to test. This feature combined with the repeatable nature of the test without loss of phase 
accuracy allowed the use of averaging in an attempt to eradicate the undesirable drifting. 
Several tests were performed which when averaged, substantially reduced the significance of 
the drifting whilst leaving the structural response unaltered.
A complementary effect found within the response resulted in the acceleration response 
possessing a 0 Hz shift or D.C. bias. This feature is commonly associated with the 
piezoelectric effect within the accelerometer transducer. It can arise due to a prolonged release 
of charge dependent on the accelerometer - amplifier system (Briiel and Kjaer, 1978). The 
effect is to introduce a constant slope within the velocity waveform and a subsequent quadratic 
slope in the displacement waveform. Figure 5.17, illustrates the effect in the acceleration, 
velocity and displacement waveforms.
Removal of the bias was performed once the drifting had been extracted by the 
averaging process. The method takes advantage of the numerical integration process adopted to 
obtain the velocity and displacement waveforms. Integration of the biased displacement 
waveform results in a value from which the initial constant of the acceleration waveform can 
accurately be found. The procedure can be described by considering the displacement, u, as a 
function of time with a and b defining the bounds of time. Then;
acceleration
velocity dt
(5.18)
b
displacement
dt
d t
a
b
3rd integral d t
a
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If we consider the oscillatory part only and consider the waveforms to start from zero 
amplitude, the 3rd integral reduces to;
(5.19)
= J  u(t) dt + cV
rearranging;
f  u(t) dt (5.20)
C = -2------------  x 6
(b3 -  a 3)
The formulation provided sufficient accuracy to eliminate the bias within the 
acceleration response. When integrating, therefore, non drifting waveforms of the velocity and 
displacement time histories were produced, predominantly representing the response due to the 
excitation. Figure 5.18 shows the resulting waveforms of velocity and displacement obtained 
from the unbiased acceleration response according to the structural member with no joint. 
Although significantly improved, the response is noted to still possess a slight variation in 
terms of drifting. This may be improved further by increasing the number of tests involved 
with the averaging. The response obtained at present, however, is clearly dominated by the 
response due to the excitation and increasing the number of tests would ultimately depend on 
the accuracy of the force state map required.
Should a quantitative analysis be sought with respect to the properties of the test 
models, then alternative procedures should be adopted to avoid the problems experienced. 
Primarily, a closer study with respect to the experimental characteristics of the hardware 
involved should be undertaken. However, for the investigation purposes outlined previously, 
only a qualitative comparison was desired and the present method was thought justifiable where 
the response is overwhelmingly dominated by the excitation.
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5.8 Results and Discussion
5.8.1 Presentation
The results of the experimental investigation are presented corresponding to each of the 
models tested. Both the observations from the frequency response analysis and the force state 
mapping technique are introduced according to the model under discussion. Particular features 
applicable to the findings within all the test models are initially discussed in detail as they are 
encountered. Subsequent findings relating to previous test models are then referred to the 
relevant test model for consultation.
5.8.2 Perspex Member with no Joint
The frequency response function obtained for the perspex member with no joint is 
typically represented by the transfer accelerance plot shown in figure 5.19. The corresponding 
natural frequencies of the model are expressed in table 5.1. Having acquired the respective 
frequency response functions along the length of the beam, figure 5.20 illustrates the extracted 
mode shapes. The coarse appearance of these mode shapes, however, is a reflection of the 
small number of measurement points analysed. Had a greater number of points been considered 
then the structural mode shapes would obviously take on a more continuous appearance.
The corresponding first three modes obtained from the numerical analysis are displayed 
in figure 5.21. Here, a greater number of degrees of freedom were considered, illustrating the 
continuous nature of the mode shapes. In general, however, the frequencies compare 
favourably with a similar harmony illustrated in the mode shapes.
5.8.3 Perspex Member with a Fully Bonded Joint
The experimental mode shapes obtained for the structural member with a fully bonded 
joint can also be compared with those obtained from the numerical analysis. The mode shapes 
obtained from the experimental analysis, figure 5.22, are seen to compare favourably with 
those from the numerical analysis, figure 5.23. Good agreement is achieved between the
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corresponding natural frequencies with a maximum difference of 5% being recorded for any 
one of the three modes measured. The natural frequencies obtained from the experimental tests 
are listed in table 5.1. A typical frequency response function obtained from the analysis is 
illustrated in figure 5.24, where the plot expresses a transfer accelerance function.
The adhesive bonding of the flexible joint ensured that the dynamic characteristics of 
the test model remained linear. This was only guaranteed, however, if the amplitude of 
excitation was kept small and that the excitations did not introduce material nonlinearity effects 
into the response. Even so, the material properties are noted to respond according to the 
frequency of excitation (Read and Dean, 1978), a factor which was considered during the 
acquisition of the numerical predictions.
The added mass of the joint clearly affected the natural frequencies of the structural 
member. Although the adhesive mass must be taken into account, an increase of approximately 
20% in mass due to the joint results in a reduction of 10% in the natural frequency of the 
structural member. A corresponding reduction of 7 % was also observed for the third modal 
frequency while the second modal frequency was found to remain unchanged. The preservation 
of the second modal frequency is attributed to the added mass of the joint located about a nodal 
point of vibration.
Although the values of the odd modal frequencies are affected by the added mass of the 
joint, the modal shapes remain unaltered. The symmetrical location of the joint about the mid 
length of the structural member ensures this although the nodal points of vibration will be 
shifted accordingly.
5.8.4 Aluminium Member with no Joint
The natural frequencies have been obtained from the various frequency response 
analysis tests performed on the structural member with no joint, have been presented in table 
5.2. In particular, the findings highlight a marginal alteration in the natural frequencies with 
respect to the method of excitation. The frequencies obtained with the electromagnetic shaker 
are noted to be consistently lower in value. While this difference is unexpected, an explanation 
may lie in the use of a physical connection between the shaker and test model as it is also
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observed that alteration of the excitation position of the shaker leads to a change in the natural 
frequencies. Corresponding changes in the excitation point for the impact hammer does not 
induce the same observation, as the natural frequencies remain unchanged. The influence of the 
shaker, can be seen to produce consistently lower frequencies when positioned at the end of the 
structural member compared to those obtained for a position some way toward the nodal point 
of vibration. The nature of the deviations in the frequencies are closely related to the 
corresponding mode shapes of the structural member. Locating the shaker at the end of the 
beam coincides with the position of maximum amplitude of response at resonance. This is not 
so when the shaker is positioned nearer the nodal point of vibration where consequently lower 
amplitudes will be experienced. Such a concurrence presumes that the shaker influences the 
resonant frequencies according to the amplitude experienced at the excitation point during 
resonance.
Although these differences are noted to occur, the degree to which the modal 
frequencies are affected is minimal. No one modal frequency differs by more than 4% which 
can be considered as an acceptable margin encompassing experimental errors.
The point accelerance frequency response function for the aluminium tube with no joint 
is illustrated in figure 5.25. The graphical plot is obtained according to a stepped sinusoidal 
excitation source and clearly exhibits distinct peaks denoting the natural frequencies. Their 
sharp nature with respect to breadth indicates that there is little damping associated with the 
aluminium tube. Comparison with numerical and classical theory highlights a good agreement. 
The results presented in table 5.3 illustrate that the natural frequencies differ by no more than 
3%.
In order that the linearity of the test model be inspected, several of the test features 
were closely observed. The findings obtained with respect to excitation position and their 
repeatability have previously been discussed. The results, coupled with the form of the 
frequency response function which typically describes a linear system, indicate the high 
probability of the model possessing a structural behaviour that can be classed linear. Further to 
this, the response of the model to an increase in excitation amplitude would also give a good 
indication of linearity. It is well known that should the input force be doubled, then a 
corresponding doubling of the output response would be measured. The subsequent effect on 
the frequency response function would therefore be nullified as the function expresses the ratio
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of the response to the input. Indeed, this was observed as figure 5.26, shows the point 
accelerance frequency response function for a bandwidth encompassing only the natural 
frequency. The frequency response analysis therefore gives a good indication of linear 
behaviour with respect to the test model.
A force state map which represents the dynamic characteristics of the structural 
member with no joint enhances the observations made with the frequency response analysis.
The map, illustrated in figure 5.27, exhibits a surface planar in shape for an excitation 
frequency of 30 Hz. The constant slope in the force displacement plane indicates the linearity 
of the structural stiffness, whereas the near zero slope in the force velocity plane highlights 
little damping associated with the test model.
The force state map generated shows an important characteristic in direct contrast to the 
findings of Crawley et al, 1986. It can be seen from figure 5.27 that the slope in the force 
displacement plane indicates a negative stiffness where a maximum positive force is obtained 
with a maximum negative displacement. Crawley, however, recorded a constant positive force 
displacement slope for a linear structural system which would tend to denote a more realistic 
outcome. This difference in the results is related to the nature of the boundary conditions 
imposed on the respective structures. Crawley employed a fixity at one end of the structural 
member such that any applied force would result in the generation of an opposing force 
according to the structural properties of the system. Should the sign convention designate an 
applied force in the positive sense, the corresponding deflection would also be positive. A 
sinusoidal forcing function applied to the structure would thus result in the displacement and 
force waveforms describing an in phase relationship, with the acceleration response 180° out of 
phase. Such a relationship between the force and displacement gives rise to a force state map 
possessing a slope of positive stiffness.
With respect to the experimental procedure undertaken, the free environment in 
conjunction with excitation frequencies below the first resonant mode, allowed the development 
of rigid body modes. The corresponding monitored displacement, therefore, has no bearing on 
the structural stiffness of the test model as the displacements are considered to represent global 
movements rather than local relative displacements. Similarly, the velocity relationship with 
force is also considered to have no relevance to the structural properties of the test model.
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The global displacements described by the test model in relation to the applied force, 
gives rise to a response characterised by the inertial force. In particular, the mass of the 
structure will influence the measured response. For a structural system exhibiting a consistent 
mass, a linear response would be achieved, where constant acceleration is obtained under the 
application of constant force. Should the force be designated as positive in sense, the resulting 
acceleration will also be positive. A sinusoidal forcing function would consequently result in a 
measured response expressing the force and acceleration in phase with one another and the 
displacement 180° out of phase. With positive force and negative displacement, the response 
ultimately describes a negative force displacement slope similar to that observed in figure 5.27. 
The nature of the slope would therefore indicate the degree of linearity observed in the inertial 
force rather than the stiffness of the structural member. The equation of motion which governs 
this system then becomes;
Since the ’free’ support system does not allow the generation of a stiffness related 
restoring force, the equation of motion excludes this term. Similarly, the restoring force due to 
damping is also considered negligible as the global displacements relate to the damping 
generated by the atmospheric conditions surrounding the model rather than the internal 
structural damping.
The solution of equation 5.21 due to a sinusoidal forcing function can be found by 
representing the forcing function, f(t) as;
where, A, is a constant, w, the circular frequency and, t, the time. Re denotes the real part of 
the complex function, elwt. Since the excitation contains only the real part, it is feasible 
therefore to retain the real part of the response and seek the general solution to equation 5.21 
in the form;
F (t) = Mx (5.21)
f  (t) = A COS(wf) = Re [Fe™*] (5.22)
jc (0 = X eiwt (5.23)
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It follows therefore, that;
(5.24)
Substituting into equation 5.21 gives;
F  = -Xw 2
F  oc -X (5.25)
This relationship shows that at maximum positive force, maximum negative 
displacement will be recorded thereby giving rise to the observed negative force displacement 
slope in the force state map. As the structure predominately responds with rigid body motions 
under the excitation frequencies considered, the negative force displacement slope will be a 
characteristic observation in all the test models investigated.
The above assumptions, however, only hold true in the case of rigid body motion. With 
reflection to the two meter structural member under investigation, this will only occur at very 
low frequencies, ideally zero. As the natural frequency is approached the test model will 
undergo vibrations that result in local deformations along the length of the member. These local 
displacements become more significant as the frequency of excitation withdraws away from the 
rigid body modes and encroaches on the natural frequency. At the natural frequency the 
displacements monitored become solely due to local vibrations where the equation of motion 
will include the parameters of mass, damping and stiffness according to the shape of structural 
deformation.
The response characteristics of this unrestrained system can also be analysed in terms 
of energy. In particular the kinetic energy will constitute the mass properties of the structure 
and will therefore always be positive due to its presence in both rigid body motion and 
deformations under resonance. The potential energy, however, involves the stiffness properties 
of the structure such that the energy relates to the elastic deformations of the structure. Should 
the potential energy become zero, no elastic deformations are occurring and the entire motion
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is described by the kinetic energy. This consequently gives rise to the rigid body motion 
described above where the force input is directly proportional to the mass properties of the 
structure.
In general, the equation of motion defining the response will constitute a combination 
of both global and local effects. Notably, this type of motion can only occur with unconstrained 
systems as restraint conditions effectively remove the rigid body relationship. By examining the 
series of test models at frequencies lower than their corresponding natural frequencies, the 
structural parameters of damping and stiffness are reduced in significance as the mass 
associated with rigid body motion becomes the dominant parameter.
The above discussion highlights the differing behaviour measured according to the type 
of boundary constraints imposed. Although essentially the technique was designed for the 
assessment of the elastic parameters associated with the jointed member, application of a fixed 
constraint to achieve this was initially thought to be inappropriate for the test models under 
investigation. While the free environment, does not represent the elastic properties of the 
jointed member, a qualitative analysis can still be accomplished, assessing the linearity 
according to the mass properties. For the aims outlined within this experimental investigation, 
this was sufficient.
For the structural member with no joint, the consistent mass nature of the model 
ensured the creation of a map surface planar in appearance. The map therefore, indicates the 
expected linearity associated with the test model.
5.8.5 Clamped Joint Test Model
The modal frequencies obtained for the clamped joint test model also feature similar 
observations to those experienced with the structural member with no joint. The results 
presented in table 5.2 indicate a difference in frequencies due to the excitation type. Those 
obtained with the electromagnetic shaker are seen to be consistently lower, although the 
position of excitation with the shaker appears to have no influence for this test model.
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A typical frequency response function obtained for the model is shown in figure 5.28. 
The plot expresses the point accelerance in which the clear resonant peaks indicate the natural 
frequencies.
The assessment of linearity was performed comparable to that for the structural member 
with no joint. Observations of the response highlighted that the tests were repeatable even 
though the test model had been completely dismantled and reassembled. The change in 
excitation position proved not to influence the natural frequencies, which, coupled with the 
overall formation of the frequency response function, generally indicated the presence of a 
linear response. A change in the excitation force, however, did produce an alteration in the 
response. Figure 5.29 illustrates the response of the resonant frequency to an increase in 
excitation force. Instead of recording no change in the frequency response function due to an 
increase in driving force, the frequency and amplitude of the response function at resonance of 
the first mode is observed to decrease.
This observation appears consistent with the presence of a velocity or displacement 
nonlinearity. Should either the damping or stiffness terms in the equation of motion become 
amplitude dependent, the resulting effect is to create an amplitude dependent frequency 
response function (Ewins, 1984). If the structure were to possess a displacement nonlinearity 
similar to that shown by a stiffness term dependent on the displacement cubed, then the 
frequency at resonance would be observed to become reduced and the peak in the response 
function drifts left. As shown in figure 5.30, the amplitude remains unaffected although an 
unstable region may develop at certain levels of excitation. If, however, the nonlinearity were 
to be associated with the damping, and in particular Coulomb friction, then the amplitude of 
the response would become reduced in value. The frequency of resonance for this case remains 
unaffected such that the influence on the response function, illustrated in figure 5.31, may be 
observed.
The experimental results expressed in figure 5.29 would tend to indicate the presence 
of a combination of the two types discussed above where a reduction in both frequency and 
amplitude occurs. This effect, however, does not reflect the presence of a stiffness nonlinearity 
since the joint within the test model was clamped in position. Instead the result has been found 
to represent a specific type of damping phenomenon. Menq et al., 1986, describes the 
occurrence of microslip between two surfaces, where the analytical friction model of point
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contact is replaced by the existence of a surface contact. Should the force become sufficient to 
overcome friction at one point, then only part of the surface undergoes motion as the rest of the 
surface remains locked. The results obtained from the analytical model compared favourably 
with experimental observations similar to those expressed in figure 5.29. With respect to the 
clamped joint test model, the theory can be related to the interface region between the collar 
and joint body. It is most likely that part of this area may undergo a slip phenomenon such as 
that described. The results therefore indicate that while every attempt was made to ensure the 
behaviour of the clamped joint was linear, the model does in fact possess a nonlinear effect.
The nonlinearity, however, can be assumed to be weak in nature as the overall response of the 
test model appears dominated by the linear terms.
Application of the force state mapping technique to the clamped joint test model, 
produces the response illustrated in figure 5.32. Excited at a frequency of 12 Hz, the map 
exhibits a planar surface which is smooth in nature and possesses a negative slope in the force 
displacement plane. A comparison with the force state map for the structural member with no 
joint, figure 5.27, reveals a similar profile and therefore indicates an overall linear behaviour 
for the clamped joint test model.
Close detail of the these two surfaces, however, notably exposes a significant 
difference. The clamped joint test model is observed to produce a far smoother map surface 
than the structural member with no joint. Apart from the obvious structural difference between 
the two test models, the only other difference lay in the frequency at which the respective 
models were excited. Reducing this frequency for the structural member with no joint to that 
employed for the clamped joint, resulted in the force state map shown in figure 5.33. At an 
excitation frequency of 12 Hz, it can be seen that both the test models are observed to produce 
a remarkable similarity.
From the two maps produced for the structural member with no joint, the quality of the 
map surface is seen to be affected by the frequency of excitation. The surface notably 
deteriorates as the excitation frequency is increased. This was also observed by Crawley et al., 
1986, who suggested that the effect was due to the signal to noise ratio monitored by the test 
instruments. This is a function of the frequency since at or below the natural frequency, the 
signal to noise ratio is found to be greater that above the natural frequency. In addition, the 
deterioration may be attributed to sampling synchronisation and nonlinear phase affects found
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within the measurement equipment (Briiel and Kjaer, 1978). In general, however, the degree of 
deterioration observed in the map surface at the higher frequency is not significant enough to 
influence the assessment of behaviour and detract from the overall characteristic.
At an excitation frequency of 12 Hz, a prominent feature can be noticed in the surface 
of the force state maps for both the structural member with no joint and clamped joint test 
models. From figures 5.32 and 5.33, a small ridge, or jump in force appears at approximately 
zero velocity extending from the origin of the state space to the maximum amplitude. It is 
significant that not only does the ridge appear whenever maximum displacement is attained, but 
it should also be present in the map surface of the structural member with no joint. At 30 Hz, 
however, the map surface associated with the test model, figure 5.27, does not exhibit any such 
feature thereby suggesting a frequency dependent nature. By virtue of the fact that the 
structural member with no joint possesses a linear structural behaviour, the feature must be 
disassociated with the structural properties of the test models and therefore a function of the 
experimental apparatus. Investigations carried out in an attempt to isolate the cause of this, 
found that the measured force waveform contained a small ’jump’ once maximum force had 
been attained. Since the velocity and displacement waveforms appeared not to be influenced by 
this, the search concentrated on the mechanical components used to create the stimulus. Within 
the available time, however, the cause remained unidentified, although finally attributed to a 
combination of rigid body motion and play within the electromagnetic shaker. This was 
substantiated by the findings of a test performed on a restrained object which did not reproduce 
the same observations. For purposes of the experimental investigation, though, the feature was 
noted and taken into account for future discussion.
5.8.6 Free Joint Test Model
The frequency response function obtained for the free joint test model is illustrated in 
figure 5.34. Here, the point accelerance is shown for a stepped sinusoidal test with the first 
resonant frequency coinciding with the second mode obtained for the clamped joint test model. 
The second peak, appearing smoother and flatter than those previously observed, occurs in the 
vicinity of the third mode for the clamped joint test model.
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These observations initially indicate that the free rotational play of the joint has 
removed the characteristic first mode exhibited by the previous two test models. In order to 
clarify this, the excitation position was moved to a location of expected large amplitude in the 
first mode. While this may occur at the ends of the structural member, it was thought more 
appropriate to excite the model at the centre where inertia symmetry existed with a large 
amplitude of deformation. The excitation point was therefore applied to the sliding collar and 
even though the collar was not directly connected to the structural member, the resonance of 
the structural member would be experienced by the collar.
The corresponding frequency response function for an excitation position at the mid 
length of the structural member is shown in figure 5.35. Noticeably, a distinctive ’hump’ has 
resulted in the lower frequencies which illustrates a sharp rise, or step, in the amplitude as the 
excitation frequency is steadily increased. This feature is subsequently maintained over a broad 
range of frequencies before dropping off. The phenomenon is accompanied by a physical 
observation of rattling within the joint where rotational motion of the structural member is 
prevented by the restraint imposed by the collar.
The nature of the response indicates that the free nature generally lowers the frequency 
of the first mode. Unlike the discrete peaks observed in the frequency response function for the 
clamped joint test model, the free joint test model produces a response that appears to represent 
a curtailed peak and therefore presents a lower amplitude. The third mode also appears 
significantly affected by the free nature of the joint. The resonant frequency is substantially 
reduced in value with the response function taking on a considerable rounded appearance. The 
second mode appears unaffected by the introduction of rotational free play into the joint and 
undoubtedly the result of the symmetric location of the joint along the structural member. The 
resonant frequency is similar to that observed for the clamped joint test model although the 
different geometric properties of the two collars have to be taken into consideration for this 
comparison.
Another method of representing the frequency response data is to plot the real part of 
the complex function against the imaginary part. This is commonly called the Nyquist plot 
which for linear systems traces out a circle for each of the modes. The degree of departure 
from the circular trace depends primarily on the linearity of the system. Figure 5.36 illustrates 
the Nyquist plot obtained for the natural frequency of the structural member with no joint. The
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corresponding Nyquist plot obtained for the structural member with the free joint is shown in 
figure 5.37, which expresses a deviation from the circular trace observed in figure 5.36. The 
circle generally appears more elliptical in form with a large part missing corresponding to the 
jump in amplitude of the associated frequency response function.
Following the discussion held for the previous two test models with respect to the 
assessment of linearity, a number of deviations in the response behaviour are expressed. The 
above discussion highlights how a change of excitation position, while observed not to affect 
the structural member with a clamped joint, significantly affects the response of the free joint 
test model. In addition to this, the response from test to test was found to be highly variable as 
the frequencies to which the model would start to resonate were unpredictable. In each case the 
test model was completely disassembled and reassembled resulting in a variability that is 
represented in figure 5.38, where, three tests are shown for a frequency range encompassing 
the first resonant mode. While in all cases it is seen that the broad resonance of the first mode 
becomes excited, the frequency at which this starts cannot be repeated. The nature of this 
response indicates that the joint takes up a different configuration once reassembled, sufficient 
to alter the dynamic response. This characteristic destroys the ability to predict the dynamic 
behaviour of the jointed structural member, and coupled with the distorted frequency response 
function, implies the likelihood of a nonlinearity associated with the test model.
The suggestion that the jointed test model possesses a degree of nonlinearity is 
enhanced by the response to an increase in the excitation force. The corresponding behaviour is 
clearly exhibited in figure 5.39, which shows the reaction for the first resonant mode to an 
increase in driving force. Throughout this examination, the test model was unaltered thereby 
guaranteeing, to a reasonable degree, the repeatability of the test. It was recognised, however, 
that the joint may settle in a different configuration after each test although, for the same 
driving force, the variable nature discussed above was not observed. The results show that 
while the test model takes on the broad flat resonant condition in the lower frequencies, the 
point at which this is initiated is affected by the change in the excitation force. As the force is 
increased, the frequency at which the commencement of the resonance condition occurs, 
correspondingly increases. This feature is accompanied by an increase in the degree of 
abruptness associated with the step, thereby highlighting a quicker uptake of the resonant 
condition. A response of this form expresses an amplitude dependent nonlinearity and its nature 
in terms of the overall response would tend to imply a strong characteristic.
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A force state map that represents the dynamic characteristics of the free joint test model 
is illustrated in figure 5.40. A substantial transformation in the shape of the map surface is 
observed from that previously observed for a linear system, with large undulations occurring in 
both the force displacement plane and the force velocity plane. Clearly, the substantial 
deviation from a planar surface illustrated by the no joint and clamped joint test models 
indicates the presence of nonlinearity. This change in behaviour is noted solely to occur due to 
the introduction of a gap which allows the initiation of rotational free play.
The corresponding map produced by Crawley et al., 1987, for a similar pinned clevis 
joint is illustrated in figure 5.41. While the map also exhibits a nonplanar form indicating the 
nonlinearity of the joint, a comparison of the two results is not possible owing to the differing 
characteristics associated with the respective constraints. As previously discussed, the free 
environment creates the possibility of rigid body motion which alters the measured response in 
terms of the structural properties of the test model. It was discussed that providing the mass 
properties of the test model were constant within the state space, a linear response would be 
recorded. For the free joint test model, however, the possibility now arises that the mass no 
longer remains constant. The introduction of a gap within the joint provides a contact 
separation phenomenon which ensures a changeable mass property dependent on the mechanical 
state of the test model. The force measured will thus become dependent on the variable inertia 
of the jointed structural member.
The shape of the map, although highlighting a nonlinear response to excitation, 
indicates a complex dynamic behaviour in the free environment. Generally, however, it can be 
seen that the map possesses a distinct ’step’ feature in the force velocity plane that consistently 
occurs shortly after the attainment of zero velocity. Since the phase plane is spanned in an 
anticlockwise manner, the map indicates a sudden increase in the force at this position. The 
explanation for this phenomenon may be found in a physical assessment of the structural 
behaviour at this location. The behaviour can simply be realised in a two dimensional 
representation of the cross section associated with the joint. The fitting components of the joint 
can be considered as a small body within a larger body of the collar. The collar is excited 
according to the sinusoidal forcing function and the joint body will therefore move 
independently of the collar owing to the presence of a gap. Studying the condition prior to zero 
velocity, with the displacement approaching a positive maximum, the collar and joint body 
move together as one unit in the positive direction. At zero velocity, the direction of movement
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associated with the collar reverses and the two bodies separate due to the inertia of the joint 
body. The force thus measured is a reflection of the mass related to the collar and will be 
comparatively small. Shortly afterwards, the gap becomes breached and the collar and fitting 
components once again move together as one unit in the opposite direction (negative direction). 
Consequently, this is accompanied by a sudden increase in the measured force which now 
becomes a reflection of the mass associated with both the collar and the fitting components and 
structural member. This sudden increase in force would, therefore, explain the sharp increase 
in force observed in the force state map at a location just after zero velocity. Considering the 
continuation of motion through the sinusoidal cycle, once maximum velocity has been attained 
a reduction in the measured force will occur. As maximum negative displacement is 
approached, the force measured will always be reducing in value owing to the inertia of the 
fitting components becoming greater than that of the collar. Subsequently, the force required to 
assist the motion is a lot less. This will occur gradually before the two bodies separate thereby 
enhancing the magnitude of the step in force as the sequence of events then repeat.
While a general overview of the behaviour can be explained using a symmetrical two 
dimensional model, in reality the response will constitute unsymmetrical motion. The pivoting 
nature of the structural member along with frictional forces found within the joint will add to 
the complexity of the response and contribute to the undulating nature of the map with its 
unsymmetric appearance.
The universal image of the force state map for the free joint test model portrays a 
highly divergent surface from that of a linear system and signifies the degree of influence the 
gap has on the dynamic response of the structural member.
5.8.7 Tapered Joint Test Model
The redesigned joint, encompassing a taper within the fabrication, leads to the point 
accelerance frequency response function illustrated in figure 5.42. The corresponding resonant 
frequencies are recorded in table 5.2.
From the frequency response function plot, it is clear that the tapering aspect of the 
design has introduced the discrete resonant peaks, characteristic of linear structural systems.
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The values of resonance are also noted to compare favourably with those observed for the 
clamped joint test model, although allowances have to be made owing to the differing 
geometric nature of the two collars.
Following the similar comparison procedures undertaken for the previous test models in 
the assessment of linearity, the tapered joint model was noted to produce repeatable results with 
no dependence on the excitation position. In addition, the response to an increase in excitation 
force produced results similar to those observed for the clamped joint test model. Illustrated in 
figure 5.43, the behaviour expresses a reduction in frequency and amplitude as the driving 
force is increased. The discussion presented for the findings with respect to the clamped joint 
test model is also applicable to this case, where a microslip phenomenon is also thought to 
explain the results for the tapered joint test model. The most probable area for slippage to 
occur will be between the interfaces of the fitting components and the collar where a large 
friction surface is present.
The force state map that is produced by the tapered joint test model is illustrated in 
figure 5.44. Excited at a frequency of 12 Hz, a smooth planar surface is observed comparable 
to those obtained for the clamped joint and no joint test models. It follows, therefore, that the 
test model expresses a structural behaviour that is linear in form and accomplishes the prime 
aims of the experimental investigation.
5.9 Concluding Observations
The characteristic frequency response function obtained for the structural member with 
no joint, illustrated the structural linearity expected from this test model. Its performance 
provided a test bed by which the performance of the joint related test models could be assessed.
Inclusion of the joint at the centre of the structural member was seen to significantly 
reduce the odd natural frequencies. By ensuring the condition of no gap within the joint, the 
test model was expected to show structural linearity comparable to the observations of the 
structural member with no joint. The aluminium / brass model, however, demonstrated the 
presence of slipping which was highlighted in the frequency response function according to an
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increase in excitation force. Its presence introduces a weak nonlinearity within the joint model 
although overall, the dynamic performance is observed to be dominated by linearity.
The inclusion of a gap within the joint test model strongly affected the performance of 
the structural member under dynamic excitation. The frequency response spectrum is seen to 
take on a completely different form with the first mode appearing as a small ’hump’ at 
frequencies as low as 8 Hz. The occurrence of this hump is unlike the discrete resonant peaks 
that are exhibited with the clamped joint model; it indicates that the mode of vibration may 
occur within a small band of frequencies. Its performance in general, suggests that the dynamic 
response is dominated by nonlinearity with the response of the first mode difficult to predict.
The redesigned deployable joint, incorporating a tapered construction, demonstrated a 
performance comparable to that obtained with the clamped joint test model. Such a 
performance highlighted the presence of a weak nonlinearity although its characteristics were 
dominated by the presence of linearity.
The implementation of the force state mapping technique enhanced the observations 
made from the frequency response analysis. The results highlight that the introduction of a joint 
into the centre of a structural member does not alter its dynamic response characteristics 
provided that a gap property does not exist. The maps produced for the structural member with 
no joint and the clamped joint test model exhibit remarkable similarity in their response 
behaviour. Once a gap is introduced, as in the case of a working deployable joint, severe 
nonlinearity is observed with the map taking on a large transformation compared to that 
obtained for the clamped joint test model. A complex non planar surface is produced which 
requires further investigation if the individual effects which constitute the map are to be 
identified.
The redesigned deployable joint exhibited an improved dynamic performance over the 
original joint design. Eliminating the gap between the collar and fitting components ensured the 
removal of the strong nonlinearity responsible for a complicated and unpredictable response.
The consequent linear behaviour presents the ability to accurately predict the performance of 
the structural member despite the presence of an initially flexible energy loaded joint.
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Table 5.1 Modal parameters obtained for the perspex test models
Test Model No Joint Bonded Joint
Mode Frequency (Hz) Damping Ratio % Frequency (Hz) Damping Ratio %
1 14.27 3.77 12.76 3.65
2 39.92 3.17 39.17 3.31
3 79.06 3.17 73.14 3.06
Table 5.2 Resonant frequencies for the aluminium/brass test models
Test Model No Joint Clamped Free Tapered
Reference location (m) 0.1 0.8 0.1 0.8 0.8 1.0 0.8 1.0
Excitation
Stepped
Mode
1 46.8 47.5 21.2 21.7 — 13 26.7 26.5
Sine sweep
2 129.9 130.5 93.5 93.0 92.1 92.75 95.9
3 254.7 256.1 162.0 162.5 -131  -1 5 3 177.8 177.5
Impact 1 48.1 48.1 - 21.75
hammer
2 132.1 132.4 96.0 - -
3 257.4 257.8 - 165.75 - -
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Table 5.3 Numerical and analytical resonant frequencies for the aluminium/brass test 
models
Test Model No Joint Clamped Joint
Mode F.E. Classical F.E.
1 47.3 47.2 24.1
2 129.5 130.5 99.0
3 252.6 255.8 171.8
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Figure 5.1 Test model support arrangement for experimental 
investigations. Not to scale
fixed support
/ / / / / / / / / / /
flexible
spring perspex
collar
x
Q
nylon
cord
excitation
point
y A
230
Figure 5.2 The free joint test model shown in component form.
Figure 5.3 The free joint test model fully assembled.
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Figure 5.4 The clamped joint test model shown in component form.
Figure 5.5 The clamped joint test model fully assembled.
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Figure 5.6 The tapered joint test model shown in component form.
Figure 5.7 The tapered joint test model fully assembled
233
Figure 5.8 Tapered joint deployment procedure
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Figure 5.9 Arrangement of experimental apparatus for 
frequency response analysis
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Figure 5.10 Linear, undamped single degree of freedom force 
state map
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Figure 5.11
Phase plane diagram according to a 
linearly modulated excitation waveform
1
0.8 
0.6
Normalised 04
displacement 
r  0.2
0
- 0.2
-0.4
- 0.6
- 0.8
Normalised velocity
Response 
in time
Disp.
Vel.
Figure 5.12
Phase plane diagram according to a 
steady sinusoidal excitation waveform
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Figure 5.13 Force State Map obtained with steady sinusoidal 
excitation waveform
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Figure 5.14 Arrangement of experimental apparatus for 
Force Sate Mapping
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Figure 5.15 Acceleration response for the aluminium member
with no joint
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Figure 5.16 Low frequency drifting in displacement response
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Figure 5.17 Effect of D.C. bias in the acceleration, velocity 
and displacement waveforms
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Figure 5.18 Unbiased velocity and displacement waveforms
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Figure 5.24 Transfer accelerance frequency response function
A/F dB for the perspex member with a bonded joint
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Figure 5.25 Point accelerance frequency response function 
for the aluminium member with no joint
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Figure 5.26 Point accelerance frequency response function
for the aluminium member with no joint;
a / f  dB influence of excitation force
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Figure 5.27 Force State Map for the aluminium member with 
no joint; excitation frequency: 30Hz
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Figure 5.28 Point accelerance frequency response function
a / f  dB for the aluminium member with a clamped joint
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Figure 5.29
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Point accelerance frequency response function 
for the aluminium member with a clamped joint; 
influence of excitation force
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Figure 5.30 Frequency response function according to a structural 
system ehibiting a cubic stiffness property
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Figure 5.31 Frequency response function according to a structural 
system exhibiting a Coulomb friction effect
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Figure 5.32 Force Sate Map for the aluminium member with a 
clamped joint; excited at 12Hz
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Figure 5.33 Force State Map for the aluminium member with 
no joint; excited at 12Hz
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Figure 5.34 Point accelerance frequency response function for the
aluminium member with a free joint;
a / f  dB excitation point at 0.8m from the bottom end
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Figure 5.35 Point accelerance frequency response function for the 
aluminium member with a free joint; 
a /f dB excitation point at 1.0m, midlength
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Figure 5.36 Nyquist plot and corresponding frequency response
function for aluminium member with no joint
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Figure 5.37 Nyquist plot and corresponding frequency response 
function for aluminium member with a free joint
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Figure 5.38 Point accelerance frequency response function for the
aluminium member with a free joint;
a / f  dB comparison of repeated tests over the first resonant mode
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Figure 5.39 Point accelerance frequency response function for the
aluminium member with a free joint; 
a /f dB influence of excitation force
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Figure 5.40 Different views of the Force State Map for the 
aluminium member with a free joint; 
excited at 5 Hz
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Figure 5.41 Results obtained by Crawley et al. for a pinned 
clevis joint
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Figure 5.42 Point accelerance frequency response function for the 
aluminium member with a tapered joint
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Figure 5.43 Point accelerance frequency response function for the
aluminium member with a tapered joint;
a/f hr influence of excitation force
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Figure 5.44 Force State Map for the aluminium member with a 
tapered joint; excited at 12Hz
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Chapter 6
Discussion
The energy loaded joint proposed for use in the construction of large space structures, 
has been studied under both static and dynamic loading conditions. With the latter involving 
numerical and experimental work, the results have been presented in Chapters 3, 4 and 5, and 
each Chapter has been concluded with a detailed discussion on the findings. The purpose of this 
Chapter is to form an overall discussion of these findings and highlight important observations 
concerning the structural performance of the energy loaded joint.
Prior to the presentation of results from the investigations carried out, Chapter 2 
discussed various aspects surrounding the energy loaded joint. Other forms of deployable joint 
proposed to date were covered together with the differing techniques of construction in space. 
The primary features exhibited by each of the methods were reviewed and the current attitudes 
towards construction in space were also discussed. Although the methods are only at the initial 
stages of development, the synchronously deployable technique for skeletal trusses has formed 
the backbone of attention within this study. The energy loaded joint is a flexible joint capable 
of realising the folding requirement of the technique and has been presented and investigated in 
this project. The joint is readily incorporated into the composition of skeletal trusses and has an 
outstanding attribute in the simplicity of design. The mechanism features a pivoting link plate, 
sliding collar and compression spring, which, when placed in its folded configuration, 
generates sufficient strain energy to deploy the structure in the Earth’s orbit.
While the joint was primarily developed for use in large space structures, it was 
recognised that the deployable concept may also be suitable for ground based applications. 
Placed in such a condition, the action of static loading becomes the primary consideration for 
design, with the joint forming a continuous load transmission path. The joints constitute the 
weakest sections within the structure because of their fabrication and their design will thus be 
of major concern to the performance of the overall truss structure.
An insight into the behaviour of the joint under static loading was presented in Chapter 
3. The numerical study evaluated the stress distribution through the joint and considered the
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significance of the stress concentrations. The analysis acted as a preliminary investigation 
because no specific ground based application had been proposed. Although final design details 
therefore remain inconclusive, the investigation focused on the numerical techniques employed 
to solve the problem. In addition, mechanical parameters associated with the transfer of load 
through the joint were also assessed.
The numerical finite element method employed to solve the static problem was initially 
evaluated and compared with analytical formulations. The comparison was based on the stress 
concentration generated around a circular hole within a plate of finite width. Loaded in tension, 
the plate was assumed to express plane stress properties and the results were found to agree 
closely. This plane assumption, however, was noted to be incorrect when considering the link 
plate component of the energy loaded joint. The stress concentration generated within the plate 
under tension was found to vary through the thickness with the greatest stress concentration 
occurring at the mid plane. Although this variation was considered small enough to warrant the 
plane assumption for initial design purposes, it was recognised that for the assessment of failure 
strengths, full three dimensional modelling of the plate would be required.
The energy loaded joint under static loading considered only the mechanical connection. 
Pin fasteners incorporated into the design were assumed to be rigid in nature, thus enabling the 
components of the joint to be analysed individually. The load transferred between the inelastic 
pin fastener and the deformable component was such that a nonlinear boundary condition 
resulted. This was solved using an iterative approach, evaluating the correct boundary 
conditions according to the generated stress. Several numerical approaches to this problem were 
assessed during the study although no significant difference between them was noticed. The 
most effective approach being the simplest to implement.
The general loading condition was induced by restraining the hole boundary and 
displacing the far edge. Effects of friction and manufacturing tolerances were incorporated into 
the study, evaluating their influence on the overall design considerations.
Friction was considered to be generated at the pin and hole boundary interface. Varying 
the coefficient of friction resulted in the stress distribution becoming significantly altered. This 
change in the stress distribution could influence the mode of failure within the joint.
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Fabrication procedures, therefore, should incorporate smooth holes and pin fasteners, an aspect 
which would also aid the deployment operation.
The manufacturing tolerances considered during the study were those associated with 
clearance at the pin/hole boundary. A small clearance is essential to the design in order to 
permit the required articulation of the joint during deployment. Variation of this clearance, 
however, was noted to induce large alterations in the corresponding stress distribution which 
were again considered significant enough to promote a different mode of failure to that 
accounted for in the design. For this reason, the fabrication process should endeavour to 
minimise variations in this clearance to avoid premature failure within the joint.
According to the numerical study, stress concentrations in excess of seven times the 
applied stress can be encountered within the joint. The tension plane within both the link plate 
and fitting components appeared to be the most vulnerable failure section, although without 
definition of a specific failure hypothesis and criterion, this is speculative. Most failure criteria 
undertake some consideration of stress interaction and consequently may yield a different 
failure mode. It is an element of the design process which was not considered during this study 
owing to the preliminary nature of the investigation. However, with service requirements 
known and appropriate material properties selected, geometric parameters may be adjusted to 
optimise joint efficiency. By incorporating some form of polymer composite material, the scope 
for optimisation can be significantly increased. Besides the various geometric parameters , 
orientation of the reinforcement fibres provides a tailorable attribute associated with the 
material properties.
Space borne structures undergo an entirely different loading condition when compared 
with ground based structures. The environment of space characteristically imposes a weightless 
surrounding which generates no significant static loading on the structure. As a consequence, 
the design of large space structures often results in a structural performance which expresses a 
large degree of flexibility. This inherently decreases the natural vibration frequencies which 
may be easily aroused and difficult to suppress in the space environment. The dynamic 
behaviour of these structures directly affects the required service performance and much 
interest is therefore focused on the prediction and prevention of vibration modes.
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The dynamics of linear structural systems are by now well understood. Several 
numerical and experimental techniques have been firmly established which are capable of 
accurately predicting the dynamic behaviour. Such techniques, however, were found to be 
inappropriate with respect to analysing the dynamic performance of the energy loaded joint. 
Considered only in its deployed configuration, the joint expressed a piecewise, bilinear flexural 
stiffness, which, by its very nature, was inherently nonlinear. This characteristic was noted to 
be due to the design of the mechanism, where in order to allow the collar to slide over the 
joint, a small clearance must exist between the two bodies. A structural member into which the 
pivoting joint is incorporated will consequently exhibit a nonlinear flexural stiffness property.
The numerical analysis performed in Chapter 4, investigated a single structural member 
which highlighted this nonlinear behaviour. The study, utilising the finite element technique, 
appraised the performance of the member with and without the energy loaded joint. Owing to 
the nonlinear property, a numerical integration method was incorporated into the solution 
procedure which predicted the structural response with respect to time. The frequency content 
of the free vibration resulting from impulse loading, was evaluated with the aid of an FFT 
algorithm.
From the resulting performance, the joint introduced a frequency response dependent 
on force. The odd vibration modes were found to increase in frequency as the forcing 
magnitude increased. In addition to this, the frequency response was also found to be dependent 
on the size of clearance within the joint. As the gap was increased the vibration frequencies of 
the odd modes decreased to an apparent base level, where further increases in the gap size 
produced little effect on the resonant frequency. The most significant effect that the gap size 
had on the vibration frequency was when the clearance was specified to be small. Subsequent 
small changes in this clearance induced a significant alteration on the dynamic performance. 
Consequently, fabrication procedures, which will undoubtedly involve the specification of small 
clearances to limit deformations, must specify tight tolerances, otherwise large variations in the 
resonant frequencies of individual members may result.
The overall dynamic behaviour of the structural member with an energy loaded joint 
was found to be a complex subject. The performance was dependent on many parameters 
including the axial force generated within the member. Such a dependency renders the
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prediction of the dynamic performance all the more difficult, with most of the solution 
techniques covering the subject undertaking some form of approximation.
Throughout the investigation the joint was located mid way along the length of the 
structural member. At this position, only the dynamic performance of the odd vibration modes 
were found to be affected by the nonlinear properties. On excitation of the even modes, the 
joint was seen to be located at a nodal point of vibration where little, or no deformation 
occurred during vibration. The response of these modes were therefore unaffected by the 
properties of the joint and resonant frequencies remained consistent, irrespective of the various 
joint parameters mentioned above.
While the nonlinear properties of the joint were observed to play a dominant role in the 
lowest resonant frequency of a single structural member, their corresponding dominance in the 
dynamic performance of a large truss was also investigated in Chapter 4. The study was 
undertaken with the knowledge that structural members in large trusses were recognised to 
behave differently than on their own during vibration. The flexibility of large trusses has been 
found to result in a global deformation behaviour during resonance which is characterised by 
the axial stiffness of the individual members rather than their flexural stiffness. This change in 
the structural properties expressed by the individual members will obviously have a direct 
bearing on the degree to which the nonlinear joint properties influence the dynamic response of 
the truss.
The response of a large truss, dominated by the presence of energy loaded joints, was 
assessed using the numerical finite element method. The model generated was sufficiently large 
to describe the global deformations governed by axial forces for the first resonant mode. The 
ensuing comparison drawn between a nonjointed, rigid version of the truss and the 
corresponding jointed nonlinear truss, revealed some interesting features.
From the frequency response curves compiled for both trusses, the jointed truss was 
observed to display a slightly lower resonant frequency than the rigid truss. More significantly, 
the peak amplitude of deformation attained at resonance was substantially lower than that 
correspondingly described by the rigid truss. A pronounced rounding of the resonant peak was 
seen to accompany resonance where the jointed truss was seen to undergo a slow rate of change
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through the resonant condition. Such a rounded shape was in direct contrast with the rigid 
truss, where, by virtue of its linear characteristics, a discrete resonant peak was described.
In spite of the jointed truss displaying a resonant frequency marginally lower than that 
exhibited by the corresponding rigid truss, its response was found to be dependent on the 
excitation force. This, however, was considered to be a weak dependence as differences 
between the corresponding resonant frequencies was thought to be small. The observed trend of 
resonant frequency and excitation force gave the impression that, should the jointed truss be 
driven hard enough, the response would resemble that of the rigid truss.
The similarity expressed by the resonant frequencies of the two trusses indicated how 
the nonlinear joints imposed little influence on the dynamic response of the truss. It appears 
from these observations that the specific properties possessed by each of the joints becomes less 
significant with respect to the overall performance of the truss. Analysis of large trusses may 
therefore incorporate some form of approximation with respect to the properties of the joint 
without introducing large errors into the predicted performance. Such approximations may 
render the analysis linear and consequently lead to the possibility of implementing linear 
computational techniques, reducing the effort required during design.
Implementation of approximations, however, while not significantly influencing the 
resonant frequencies, may introduce substantial errors in the predicted amplitudes of 
deformation. The numerical analysis undertaken has highlighted a significant difference 
between the two types of truss in terms of maximum deformations attained during resonance. 
The approximations may therefore have a more pronounced influence over the deformations 
during vibration than the resonant frequencies.
The above observations were made by inspection of the vibration performance at a 
nodal point on the truss. Individual members within the truss, however, were observed to 
undergo large amplitudes of motion, highly nonlinear in form. The nature of the response was 
found to be similar to that witnessed in the analysis of a single structural member where the 
response was inherently dependent on the properties of the joints. Therefore, although the 
nodal joints within the truss express a similar vibration performance to that expressed by the 
equivalent nonjointed truss, individual members within the truss describe a large amplitude, 
highly nonlinear response.
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The implications of the above discussion on the performance of satellites in space will 
therefore undoubtedly depend on the size of structure proposed. Should the truss framework 
express a characteristic global deformation behaviour during resonance, the resulting dynamic 
performance will be similar to that of an equivalent rigid, unjointed truss. The nonlinear 
properties of the joints will impose a small influence on the dynamic performance which may 
consequently be estimated through the use of linear numerical techniques. However, for small 
trusses where no global deformation behaviour is expressed during resonance, the response of 
the truss will be dependent on the properties of the joints. The truss structure will thus be 
highly nonlinear and require solution techniques that must account for the structural 
nonlinearity.
The observations made during the numerical study in Chapter 4, were reinforced with 
an experimental investigation presented in Chapter 5. Positioned mid way along the length of a 
structural member, the joint was appraised with respect to its performance under dynamic 
loading. While it was possible to develop an accurate numerical model of the joint from 
experimental observations, it was not a coarse of study pursued. The primary aim was to 
observe the underlying characteristic behaviour described by the joint.
From Chapter 4 the results clearly showed that the joint was required to be redesigned, 
with an improvement which removed the undesirable nonlinear nature of the response. As 
previously observed in the numerical study, the nonlinear characteristics complicate the analysis 
and consequently the design of structures that incorporate energy loaded joints. By eliminating 
the structural nonlinearity, the process would become profoundly simplified as accurate, well 
proven linear techniques of analysis could be employed.
The removal of structural nonlinearity from the joint behaviour essentially required the 
clearance to be eliminated from within the joint. This was achieved through the introduction of 
a taper along the length of the joint body, with the collar similarly matched in profile. While 
retaining the original principles of deployment, the taper generated a friction bond between the 
collar and fitting components as the joint becomes deployed. Bonding both fitting components 
to the collar with friction resulted in the eradication of the clearance feature, the trait 
responsible for the free rotational play and the consequent nonlinear properties. However, in 
order to ensure that both fitting components generated a friction bond with the collar, it was
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necessary to take into account manufacturing tolerances in the axial direction. These notably 
arise due to the clearance required around the pin fasteners for the joint to rotate. They were 
found to result in some misalignment of the taper, and in order to accommodate this, an 
elastomeric link plate was employed.
Having developed the energy loaded joint, four test models were fabricated for the 
experimental investigation. In addition to the tapered version of the joint model, tests were 
performed on a structural member with no joint, a structural member with the collar of the 
joint firmly clamped over the joint body and a structural member with a loose collar.
Of the two experimental methods employed to test the joint models, the modal analysis 
technique was used to ascertain the frequency response characteristics. The dependence of the 
technique on the structural system to express linear structural properties, rendered the full use 
of the method inappropriate on the jointed structural members. However, this linear 
dependence was used to identify the presence of nonlinearity within the structural member and 
consequently to ascertain whether tapering the joint was successful in eradicating the 
nonlinearity. Notable features of the particular frequency response characteristics which indicate 
nonlinearity are degradation of the frequency response function, occurrence of the ’jump’ 
phenomenon, repeatability of test data, and a resonant frequency which is dependent on force.
Observation of the various frequency response functions according to the above features 
gave a good indication of the type of structural characteristics within the structural member.
For the case of no joint within the structural member, frequency response functions highlighted 
the resonant frequencies as distinct peaks with values comparable to analytical and numerical 
predictions. The repeatable nature of the performance, in conjunction with no observable 
dependence on the excitation force, clearly demonstrated the expected linear structural 
characteristics of the test model. Similar results were seen to occur with the clamped joint test 
model. However, the first resonant frequency was noted to describe a response dependent on 
the excitation force. This feature was found to be a result of microslip, occurring within the 
friction interface generated by the clamping action on the joint body. The nature of the 
characteristic inferred the response to be weakly nonlinear and the structural member was 
considered to describe a predominantly linear behaviour. The test model with a loose collar 
over the joint, however, produced a frequency response which diverged significantly from the 
results observed for the previous two models. The first resonant peak was substantially lowered
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in frequency with a form that resembled a curtailed peak; this denoted a resonant condition 
which was sustained over a broad range of frequency. The first resonant peak was also 
observed to be dependent on the excitation force. As the force level was increased a 
corresponding increase in the start of resonance was also seen to occur. Coupled with 
nonrepeatable test data, the response was considered to be highly nonlinear; a behaviour which 
was successively eradicated with the tapered joint. The frequency response curves were seen to 
denote a performance similar to that observed with the clamped joint test model. Therefore, 
although linear structural behaviour was predominant, a weak nonlinearity was present with 
respect to microslip in the friction interfaces.
The other experimental technique employed to assess the type of performance generated 
by the test models, was the force state mapping method. The method produces a three 
dimensional graphical map and was specifically designed for the identification of nonlinearity 
within structural joints. Although the tests were performed in a free environment, where rigid 
body modes prevailed, the maps gave a good indication of the presence of nonlinearity within 
the structural member. Typically the structural member with no joint produced a graphical map 
which was planar in shape and highlighted the linear structural properties which it possessed. 
The clamped joint test model produced a similar response. The joint test model with a loose 
collar, however, created a map with a large undulating pattern, indicative of nonlinear 
properties within the structural system. A detailed examination concluded the shape and form of 
the map to be the result of inertial nonlinearity. Its presence within the joint, however, was 
again found to be successfully removed with the application of a taper. The tapered joint test 
model revealed a planar surface in the three dimensional map, similar to those seen for the 
structural member with no joint, and the clamped joint test models.
The experimental techniques employed have essentially determined the nature of the 
structural properties described by each of the test models. Although primarily a qualitative 
assessment, the tests have also revealed some quantitative features associated with the joint 
characteristics. Owing to the additional mass, the joint substantially reduces the resonant 
frequencies associated with the odd vibration modes. In each case, the second mode remained 
unaltered, as the joint was located at a nodal point of vibration where the properties of the joint 
have little affect on the response. With the presence of a clearance property, the resonant 
frequencies were again observed to be significantly reduced in value. The first resonant
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frequency was seen to occur at very low values, with no relevance to the properties of the 
structural member.
From a comparison of the four test models, the introduction of a taper into the design 
was found to be a success. Despite a weak nonlinearity introduced from friction microslip, the 
response of the structural member was observed to be dominated by linear structural properties. 
Its behaviour was seen to be a valuable contribution to the design of large space structures 
using the deployable form of construction technique. While all sizes of skeletal truss may 
benefit from this type of joint, the numerical analysis highlighted a decreasing importance on 
the joint properties as the truss size is increased. The most advantageous application of the joint 
will therefore be with the smaller trusses in which the behaviour of individual members will 
influence the overall performance. With the larger trusses, however, the individual members 
continued to participate strongly during vibration. Although their flexural performance appears 
to impose a diminishing effect on the overall response, suppression of the large amplitude 
vibrations with the tapered joint may be required. In the case of reflecting antennas, it is 
anticipated that stand-offs will be used to attach the mesh to the supporting structure, large 
vibrations from individual members may penetrate the mesh with disastrous results. Limiting 
the vibrations of individual members in large trusses may therefore be a beneficial requirement 
to factors other than the structural performance of the truss.
The taper was primarily introduced to overcome the inherent nonlinear flexural 
characteristics of the joint. An added advantage, however, was gained with respect to 
suppressing geometric nonlinearity presiding in the axial direction. Although it is likely to be 
less severe than the flexural geometric nonlinearity, these will inevitably arise through the 
requirement that a small clearance must be accounted for at the pin fasteners to facilitate 
rotation during deployment. This type of nonlinearity, however, will affect the performance of 
larger trusses, a feature not considered during the numerical investigation. Consequently, this 
aspect of the dynamic performance places a greater emphasis on using the tapered joint in the 
larger trusses as well as smaller trusses.
Throughout the testing program, the tapered joint was manually deployed since the 
fundamental concept of the redesigned joint was not appraised under self deployment. This is a 
consideration which must be addressed even though it was thought that sufficient friction would 
be developed using suitable compression springs. Further to this, attention should also be
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focused on the strength of the friction contacts. If one of the fitting components breaks free 
from the collar, then the linearity would be destroyed and nonlinearity would once again 
prevail.
The geometric nature of the taper was based on those used in the machining industry 
and are called Morse tapers. They generate sufficient friction to hold tools in machines and do 
not come apart without the application of significant force. For this reason it is anticipated that 
the joint will not succumb to breaking apart as described. Axial forces generated during 
resonance should not be sufficient to cause the friction bonds to break, although this is a factor 
which will need thorough investigation.
Throughout the research, the numerical and experimental investigations into the 
nonlinear dynamic behaviour of the energy loaded joint, have been conducted on an individual 
basis. The comparison of numerical results with experimental observations was always 
considered to be a difficult exercise owing to the inconsistency of results obtained from the 
experimental tests. While the overall nature of the response was observed to be consistent, 
resonant frequencies and amplitudes of deformation were found to fluctuate from test to test. 
The ability of producing an accurate and detailed numerical model would therefore become 
questionable as a model which may fit one set of results will be inconsistent with other results.
Although an accurate numerical model was not generated to predict the quantitative 
characteristics of the experimental tests, the simplistic model described in Chapter 4 exhibits 
qualitative features comparable with the experimental observations. The numerical model, 
which incorporated a nonlinear torsional spring element, was found to describe a jump in the 
frequency response curve when subjected to sinusoidal excitation. Described in section 4.8.6, 
with the results shown in figure 4.37, the response suddenly jumps from a high amplitude of 
deformation to a significantly lower amplitude. The occurrence of this jump was attributed to 
the geometrical nonlinear property exhibited by the joint and the whole concept of the jump 
phenomenon was discussed in detail in section 4.8.6.
The occurrence of the jump phenomenon was also observed in the experimental test 
data. Using an electromagnetic shaker to excite the free joint test model with a sinusoidal 
waveform, the model was observed to describe two jumps in the frequency response function. 
The response, illustrated in figure 5.35, shows a jump at the start of the resonant condition
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with a smaller but more gradual jump as the resonant condition ends. It is this latter jump, at 
the end of the resonant condition, that compares favourably with the numerical model. The first 
jump is not described by the numerical results.
From the discussion on the jump phenomenon, in section 4.8.6, it is apparent that a 
region exists where the structure may resonate at different amplitudes depending on the initial 
conditions. This leads to the appearance of two jumps in the frequency response curve, which 
accordingly surround the multivalued region. In relation to the numerical model, the results 
were obtained with the structure initially in a state of static equilibrium. By imposing initial 
conditions that would induce an initial high frequency response, the structure would display a 
jump at a lower frequency. It is apparent, therefore, that provided the initial conditions are 
consistent from analysis to analysis, only one jump would occur.
The appearance of two jumps within the experimental frequency response function, 
suggests that the experimental test model does not conform with this behaviour. Although the 
response was not recorded from static equilibrium each time, the structure was subjected to 
consistent initial conditions. Results were obtained as the frequency of excitation was stepped 
through the range of interest from a very low value. Accordingly, the capability of the test 
model to generate the second, smaller jump would correspond to the discussion presented for 
the numerical study. The occurrence of the first jump would appear to be the effect of another 
factor.
Structures with a clearance type nonlinearity were studied by Tomlinson and Lam,
1984. The nonlinear stiffness property investigated, resembles the bilinear stiffness property 
present in the numerical model of Chapter 4. The authors present results from a numerical 
analysis assessing the effects of various conditions surrounding the nature of the clearance.
With the clearance property placed symmetrically about the static equilibrium position, the 
results illustrate a jump phenomenon comparable with that illustrated in figure 4.37. Should the 
clearance become asymmetrical with an additional preload, however, the authors show that two 
jumps occur similar to those witnessed in the experimental results. These results would 
therefore indicate that while the numerical model of Chapter 4 was analysed with a symmetrical 
bilinear stiffness property, the experimental model is far from this ideal condition.
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The presence of such a preload may be a result of the experimental set up.
Misalignment between the relatively heavy shaker and the test model would indeed invoke such 
a preload condition. Although every effort was taken to ensure the correct alignment of the 
shaker to the test model, a small error may have been enough to offset the equilibrium 
position. In addition, the preload may have been instigated through friction generated within the 
joint. Under low frequency excitation, the friction could have been sufficient to prevent 
rotational movement within the joint. The structural member would consequently act as a rigid 
mass in the free environment and only when the inertia of the structural member becomes 
significant will this friction be overcome.
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Chapter 7
Conclusions
An energy loaded joint mechanism, suitable for the construction of large systems in 
space, has been studied under both static and dynamic loading conditions. Incorporated into 
skeletal truss systems the flexible joint allows a compact formation to be attained which 
economically utilises the payload capacity within available launch vehicles. Once transported to 
the Earth’s orbit, energy stored within each of the joints during the folding process is released, 
generating a mechanical motion which deploys the structure to its full size and intended shape. 
The design is considered simple and can be accommodated in any form of skeletal system.
Besides the role of construction in space, the concept was also considered to be suitable 
for ground based applications. The speed by which these deployable truss structures could be 
erected, offers substantial savings in construction time. Use of the joint, however, will 
constitute the weakest component in the structure due to the nature of its design. Accordingly, 
an investigation into the performance of the joint under static loading examined the stress 
distribution generated through each component. Employing the numerical finite element 
method, the study also appraised the effects of manufacturing tolerances and the effects of 
friction on the stress distribution.
The joint was considered to be in a deployed state such that only axial loads were 
transferred through the pin connection. The circular cutout in both the link plate and the fitting 
components, coupled with the pin fastener that joins the two, generated substantial stress 
concentrations in this region of the joint. It was found that in both the link plate and the fitting 
components the predominant stress was tensile in nature and occurred across the tension plane 
in the direction of the applied load. A comparative assessment of each component within the 
joint, revealed the link plate to contain the highest stress concentration.
Evaluation of the manufacturing tolerances involved the assessment of lack of fit 
between the pin fastener and the link plate component. Alteration in this pin/hole clearance 
resulted in substantial changes in the stress distribution. Although the clearances considered 
were recognised to be outside those capable of current machining tolerances, the changes in
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stress distribution could instigate premature failure. Though a small clearance is necessary to 
facilitate deployment, every effort should be taken to minimise fluctuations about this value.
Similar changes in the stress distribution were also found to occur according to the 
level of friction generated within the joint. Friction was considered to arise between the 
interaction surfaces of the pin fastener and the fitting component. It was found that should the 
coefficient of friction attain a high value, the mode of failure could be altered. Although 
smooth pin fasteners and circular cutouts should therefore be machined to avoid premature 
failure, their use will also assist in the deployment.
The nature of the space environment is considered to impose minimal gravitational 
loads on structures placed in the Earth’s orbit. Accordingly, the proposed size of large space 
systems promotes high flexibility, rendering their structural performance to be dominated by 
vibrations. The suitability of the energy loaded joint for such large space systems was 
consequently investigated according to dynamic loading. Both numerical and experimental 
techniques were employed, assessing the behaviour of the joint in a single structural member 
and located throughout a plane truss.
The numerical study into the behaviour of the energy loaded joint involved a bilinear 
flexural stiffness property which represented the capability of the joint to exhibit free rotational 
play. This geometrical nonlinear property highlighted a single structural member to exhibit 
resonant frequencies that were dependent on many parameters. The size of clearance between 
the collar and the fitting components was examined, along with the effects of excitation force 
and a change in support conditions. Any alteration in these parameters was found to affect the 
vibration response of the structural member. The determination of resonant frequencies was 
therefore a difficult task and one which would be complicated further if a combination of 
parameters were to be altered simultaneously.
The individual properties of each joint within a large truss was found to affect the 
dynamic performance to a smaller extent. The numerical study highlighted a large plane truss 
to describe resonant modes that were similar to the equivalent truss with no joints. The 
frequencies were also found to be very close although the displacements obtained with the 
jointed truss were discovered to be substantially reduced. Although this may be beneficial in
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terms of the overall performance of the truss, individual members within the jointed truss were 
noted to undergo large deformations.
From the observations made during the numerical study, the influence of the nonlinear 
properties associated with each joint becomes less significant in larger trusses. With smaller 
trusses, the dimensions dictate a stiff structure and the vibration behaviour would be strongly 
dependent on the individual properties of each joint. The size of these trusses will 
characteristically display no global deformation during resonance when considering an 
equivalent structure that incorporates no joints. The truss would therefore exhibit a complex 
dynamic performance as each jointed member would behave as the single structural member 
investigated during this study. The possibility arises that this type of truss will describe 
numerous resonant conditions as the parameters affecting the behaviour of the joint may be 
substantially different from member to member. As this truss size increases, however, the 
corresponding flexibility promotes global deformations during the resonant mode. Joints 
incorporated into these larger trusses do not influence the resonant condition to the extent of the 
smaller trusses and the emphasis of the resonant condition shifts away from the individual 
properties of the joint to their overall influence on the structure.
The experimental investigation into the dynamic behaviour of a single structural 
member with an energy loaded joint located at the centre, evaluated the performance of three 
test models, fabricated from a combination of aluminium and brass. These were placed in a 
free environment and studied for their response to a sinusoidal excitation force using two 
differing techniques. The frequency response analysis assessed the structural response as the 
excitation force was stepped across a broad range of frequencies. The analysis highlighted the 
fact that the energy loaded joint significantly affected the first resonant mode, which created a 
broad resonant condition described at low frequencies. Variations in test data and substantial 
changes in the frequency response functions gave a strong indication that structural nonlinearity 
was prevalent in the test model.
The force state mapping technique was also used to analyse the dynamic characteristics 
of the test models. Resulting in a three dimensional map of the mechanical state, the technique 
showed the energy loaded joint to introduce severe nonlinearity into the performance of the 
structural member. The overall response was observed to be both complex and difficult to 
analyse. Accordingly, the design of the energy loaded joint was modified to remove the cause
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of the structural nonlinearity in order to overcome the difficulty of analysing its dynamic 
behaviour. By applying a suitable taper along the length of the joint, the small clearance 
responsible for the nonlinear property, was removed. Frequency response tests and force state 
maps showed this redesigned joint to exhibit linear structural properties, with a dynamic 
behaviour comparable to that of a structural member with a fully clamped joint. Consequently, 
structures that incorporate this joint will describe discrete frequencies of resonance with clearly 
defined modal properties.
The development of the tapered energy loaded joint will have significant implications 
for the numerical prediction of deployable trusses. The linear structural characteristics exhibited 
by the tapered joint enable the more efficient and well established computational techniques to 
be employed. This will be of particular importance to smaller trusses where the properties of 
the joint impose a significant effect on the performance of the structure. The joint, however, 
will also be beneficial in the fabrication of larger truss structures. Although the energy loaded 
joints affect the resonant conditions to a lesser extent, incorporating the tapered joints will 
improve the confidence of computational predictions. A greater emphasis on mathematical 
models will be required for the design of large truss structures as their size will render their 
experimental validation impractical on the Earth’s surface.
R e c o m m e n d a t io n s  f o r  F u tu r e  W o r k
The various techniques that have been proposed to realise the construction of large 
space systems in the Earth’s orbit remain in the initial stages of development. To ensure 
deployable truss systems become an efficient and reliable means of construction technique, 
continued research is required in a number of areas and suggestions for future work are made 
in the following paragraphs.
The deployment process by which the structure attains its full size and shape needs to 
be continually assessed for possible failure. Joint mechanisms in deployable structures are 
prone to snagging, impeding the deployment process and resulting in a partially deployed 
structure. To avoid this, their design should be continually assessed, with orbital experiments 
accompanying ground based tests to ensure their suitability. In addition, knowledge gained
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from previous deployable structures will be vital in the design approach for an effective and 
dependable joint.
The structural stability of large space systems has been previously addressed by several 
researchers, promoting experimental and numerical methods for analysing their performance. 
The incorporation of flexible joints within their fabrication, however, has been seen to increase 
the complexity surrounding their behaviour. Although a flexible joint has been developed 
during this research which suppresses this complex behaviour, its usefulness needs to be 
verified through further testing. In particular, the effectiveness of the taper needs to be assessed 
under self deployment conditions. The test model fabricated during this research was developed 
to examine the concept of applying a taper to remove structural nonlinearity and did not 
involve a compression spring to promote the deployment mechanism unaided. The concept also 
needs to be proven with the high technology thermoplastic materials that are currently proposed 
for space applications. While aluminium and brass offered a cheap and suitable material for 
development purposes, the application of an accurate taper to the high technology materials 
may prove demanding.
The evolution of large space structures has promoted a rapid interest in other areas 
associated with structural stability. Active and passive damping create the opportunity to control 
and suppress potentially damaging vibrations and their availability has added to the options for 
consideration in the design of deployable space systems. Flexible joints, such as the one studied 
during this research, offer the potential to dissipate energy from the resonant structure through 
the action of internal friction. Besides this, energy may be dissipated with the use of suitable 
viscoelastic materials which are known for their high dissipative behaviour. These materials 
may be included in the design of the joint such that the large deformations would dissipate 
energy in a swift and effective manner. Although various methods for achieving this may be 
investigated, at present much research is needed to develop suitable materials which will 
withstand the hostile space environment.
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Appendix I
The Energy Loaded Joint
The proposed energy loaded joint connects a pair of structural members and securely 
holds them in either the stowed or deployed positions as shown in figure 1.1 of Chapter 1. 
Incorporated into a skeletal truss system, the joints enable the structure to realise a stowed 
configuration by folding into a compact arrangement of aligned members.
The physical action associated with the folding process induces potential energy into 
each of the joints. This becomes stored energy as the structure is physically secured in the 
stowed position during launch. Once in orbit, the restraints are removed and the energy is 
released by the generation of mechanical motion within the joint. The energy is thus 
transformed into kinetic energy which consequently motivates self deployment of the structure.
The joint is composed of a pair of fittings, adhesively bonded to the ends of the 
structural members in a lap joint configuration. A link plate used in conjunction with 
mechanical fasteners, couples the fittings together and forms a flexible unit. Schematically 
shown in figure 1.1, the joint also incorporates a spring and sliding collar. These reside over 
the other components and are therefore capable of progressing along the entire length of the 
joint. The spring, however, is refrained from independent movement by the geometric nature of 
the structural member and sliding collar that are placed at either end. The tubular lap joint at 
the end of the fitting components exposes the wall thickness associated with the structural 
member. This consequently provides a seat upon which the spring may react. In a similar way, 
the collar provides the other end of the spring with a seat because the cross sectional 
dimensions of the collar are fabricated in a similar way to those of the structural member.
The two fitting components and the link plate constitute the main body of the joint.
Their connection not only permits the transfer of load through the structural members but also 
allows the rotation necessary for deployment. The flat nature of the link plate in conjunction 
with the slot provided in the fitting components ensure that this rotation only occurs in one 
plane. Any out-of-plane movement experienced by the joint would tend to de-stabilise the 
structure in the stowed position or during the deployment process.
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The mechanism which initiates the joint rotation from the stowed to the deployed 
positions is generated by the physical action of retracting the collar over one of the fitting 
components. While this permits the joint to fold as shown in figure 1.2(a), potential energy is 
produced due to the consequent compression of the spring. The collar, however, is prevented 
from sliding back along the joint by the orientation taken up by the link plate in the stowed 
configuration. Its longitudinal axis is positioned at right angles to the sliding collar thereby 
imposing an obstacle to the desired path of motion.
The point of contact between the link plate and collar induces a moment force about the 
circular pin fastener located on the longitudinal axis of the fitting component. Provided an 
external restraint is employed, the stowed configuration of the structural member exists in a 
stable condition. Once the restraint is removed, however, the moment force generates a 
mechanical motion. The two components rotate with respect to each other, as illustrated in 
figure 1.2(b), thereby initiating the deployment process.
As the longitudinal axis of the link plate coaxially aligns with that of the fitting 
component, the collar advances over the link plate, preventing any further rotation. Similarly, 
as the opposite fitting component aligns with the plate, the collar resumes the advance along the 
length of the joint. Finally residing over the central region of the joint, the collar encompasses 
both fitting components and the link plate. Any further rotation is thus impeded giving the 
structural member flexural rigidity.
Upon attainment of the deployed position, it is anticipated that the spring will possess a 
small amount of residual potential energy. This is thought necessary to prevent the collar from 
retracting and thereby allowing part of the joint to rotate freely. Should this occur, flexural 
rigidity is lost and structural failure of the member will result.
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Appendix II
Fourier Series o f a Sawtooth Waveform Distribution
French mathematician J.Fourier showed that any periodic motion can be represented by 
a series of sines and cosines that are harmonically related.
If f(t) is a periodic function with period T, the Fourier series states;
1fit) = — a0 + [0 *cos(fc(Df) + fc*sin(£a)f)] (1)
2 * * 1
= a0 + a1cx)s(o)r) + a2cos(2odt) + ...
s^infco*) + 62sin(2o)r) + ..
where
2tc t
oo 1 =  ( d k  =  K(x>
To determine ak and bk, both sides are multiplied by either cos(nwt) or sin(nwt) and integrated 
over the period T, such that;
Oq = -  /  At) dt 
1 0
ak = \  /  At)cos(kat) dt
bk = — J  /fr)sin(JfcG)*) dt
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A symmetric sawtooth waveform illustrates the following response with time;
f  c t ) A
3T
- y  -
From the nature of the waveform, the function, f(t), is odd, and;
T
ao = ■§ /  f if)  d t = 0 
1 0
along with,
ak = — /  f{t)C0S(k(Dt) dt = 0 
^ o
for all k.
Therefore, the Fourier series of the function is comprised of sine terms only, where;
T
h  = -§ /  /Bsinffcwr) d t 
■*
The function can be expressed as;
M  = 4yt 
T
0 * i
/  r T ' \
— - 1
At) = y
T
4
T
4 J
I ,
4
3 r
such that;
3r ( T
bk = — f t  sin(£o>*) dt + y f
— - t 
2___
T
4
T (
f t  -  T
J T3 T
4 , 4 J
sin(£ci)f) dt
<
3t< —
4
sin (kut)
Evaluating the integrals between the limits leads to;
■M
'S
Thus;
when k = 1 , 5 , 9
4y when £  = 3 , 7 , 1 1
w/te/i £  = even
which, upon substitution into equation 2, gives rise to the following Fourier series for the 
sawtooth waveform shown above;
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